I1I.4 Examples

1. Projective spaces

(i) Construction

RP" :=R"™M\{0}/ ~, =~ Az, A€ R,=R\{0}
[z] = equivalence class of x = the line passing through z,
or equivalently S"/ ~, x ~ —x, Vo € S* !
Similarly , CP" = C"*"\{0}/ ~, z~ Az, X e€C,,
(HP" = H""\{0}/ ~, x~ Az, X\ € H")
or equivalently S?"1/ ~ (S43/ ~) z~ Az, [N =1, A e C.(H)

Note. S0 — 35" v §l—s g2+l g3 gint3  : Hopf fibration
| | |
RP™ CcCpPr HP"
Note. (1)

RN0O-SR\0->R\0S - —SR™N0 SR\ 0= - - = R>\0

| | | | | |
RPO_C>RP1 _C>RP2£>..._>CRPTL—1 ;RPnL)_gRPoo

Also for C and H.

(2) RP™ can be attached as an adjunction space with (X, A) = (E%, S"!) and
Y =RP"1and f: 5" ! — RP" ! the antipodal identification. (=Hopf map)

Same thing holds for CP" and HP"™ with the Hopf map as an attaching map.
(Use 2n—disk defined by {z € C""!||z| =1, 2,41 > 0})
dn — H" !
Note that RP"\RP""! = open n-cell.
CP™\CP" ! = open 2n-cell.
HP"\HP"! = open 4n-cell.

§m —> R\ {0}

lq e lp

S™/ ~ > RP" continuous, 1-1, onto and compact ==



. RP™is a CW-complex with one k-cell in each k =1,2---n.
CP™ is a CW-complex with one 2k-cell in each k =1,2---n
HP™ is a CW-complex with one 4k-cell in each k =1,2---n

(ii) Homology of RP™

Consider
0 Z = < o> ZEBZ Z 0
Hﬂ(snfl) Hn(sn) %H‘n(sn Sn— 1) %H 1(5’" 1 9Hn I(STL)
P Hy - 1 Sn 1) ‘/ P
Ox
Hy(Pm1) n(P") ——————— H,(P", P"1) —>Hn 1(P?=1) = Hp 1 (P™)
1 1
0 Hp41(S™, EY) Z

Hypp1(E™,8™71)
0

=]
\i

O, = generator of H,, _;(S"') = «is primitive and H,,(S™, S"™!) =< j.o,a >

Now consider v = a + (—1)""ta,a, where a : S® — S™ antipodal map
= O.(a + (=1)"Ma.a) = d.a + (=1)"M0,a.a
||(by functorial property of d,)
(—1)"Ma, 0, = (—=1)"T(=1)"0,x
=0
= 7 = julko) = kj.(0)

Claim. ~y is primitive.
= k = £1 and may assume k = 1 by taking —o as a generator of H,(S") if
necessary.

=7 = ji«(0)



S (Proof of Claim)

H,(E%, 5™ 1) €
/ \L 1% :22excision / l
H,(S", s~ H,(S", E") o ——s1i.€
Note. j.(a,a) = 0*°= j.(y) = j.a = i,c : primitive = ~ : primitive 0
Key Observation. p-a =1p
S7 0= Ho(S™) = Hy(S™, 571 o oy y=a+(=1)"aa
\Lp e Y l
PP 0= Ho(PY) > Ha(P",P"Y)  peo b (14 ()" )p,a (pecr = )
Claim.
P H,(5™) H,(P") ifnis odd.
R

H,(P")=0 and p.=0 ifniseven.

21 Use induction on n.
n=odd : (n-1 :even)

7 YASW/
I I
0— H,(S") Hn(Sn,Sn_l)—>Hn,1(sn_l)—>O
o—7
|
p*0|—>2ﬁ
0— Hn(P") Hy (P, P"7Y) == H, 1 (P"h) = Hy oy (P7) =0
|| H ilﬂduction hypothesisH
7 y/ 0 0
2
Hn(Ei,Sn_l) 9I{TL(ASWL,»Svnil) €E—
yax yas .
les:— H,(E",S" ') > H,(S",S" 1) = H,(S",E") > - - a{e —~ a;Loz]i> 0



:>p*:ZX—2>Z

n = even : (n-1:0dd)

) YASY/ /
| I |
0— H,(5") H (8", 8" 1) ———— H,,_1(5") 0
a—1
\L $ % 2(induction hypothesis)
fr=2

% 2(injective)

0— H,(P") H,(P", P 1) H, (P YY——H, (P")—0
| | | |
0 0/ Z Z 7/2
. Z, n =odd
Hn(P") = ( 0, n=even )
Conclusion. o 0, mn=odd 0
Hy A (P") = < 7.)2, n = even
Hy(P") = Hy(P") ifg<n—2
Cellular chain complex for P"
(1) RP™
0, if kis even
: k+1 pk k pk—1 _ NG )
0: Hy (P PP — Hp(P*, P 1), (k=1,2,---) 1 {><2, L is odd
%3

Attaching space®] isomorphism?3of| Al Y& 2] p,+= isomorphismo] t}. W A] k7}
even©] ¥ Hy(P*) = 00| 2 & 9+ 0-map©|t}. T3t k7}odd o) & p, : H(S*) —
Hy(P*)E= x2-map°]il 2 diagramol| Al i, 7} isomorphism o] t}.

0 = Hy(P*1) —> Hy(P*) > Hy,(P*, PE-Y) — Hy,_y(P*1) =0

Srecall Hy(X,A) = H, (X U; YY)



wetA, 0 x2-mapo]T}.

O

Cy = Hy(P*, PM" )& 53 Hy(P") = Hy(C)o| B2, | AHERH H,(P")E
T EHE s d=th

Z/2 0<i=odd<2n+1
H,RP™MN) =¢ Z i=0,2n+1
0 otherwise

Z/2 0<i=o0dd<2n
H,(RP™) = Z i=0
0  otherwise

Z/2 i=odd
H;(RP>) = 7 1=0
0 otherwise

(2) CP™ and HP"
Recall CP™(or HP") is a CW-complex with one cell in each dimension 2j(or
4])7]:()717 ) T

So. C’k(CP”):{ Z itk=2j

o Z ifk=4j
0 otherwise and Cy(HP™) = {

0 otherwise

WA BB FlEE e der)

o [ Z ifk=2jj=0-n
Hy(CP )_{ 0 otherwise

o [ Z ifk=45j=0,---n
Hy(HP )_{ 0 otherwise

w3 H(CP®)9} Hy(HP®)2] A9E 99 npaztd e 73 4 ok



2. Lens space revisited
Second description of Lens space L(p, q),p > 1(p, ¢: relatively prime).

, Lens spacet 9% I} -2 DA 9D? =
D 529l AES v} Zo] identifydte] Qojzl
o}, (z,t) E? C §2 C oD% tf5}e]

2miq

(z,t) ~ (e » z,—t)

2 pSEEe] BE identify st Aot}
EWS g=1,p=29 ALl RP"0] FojHL & 5 YT}

Lens spaces ©|¢} o] A3t H o] manifold7} Fth WE ] FAeA:
locally Euclidean©] ¥ = ball neighborhood& & 4 911 AEE A3 &
Ao Ao = Y&} ofg| & A 27], A= HolA+= p7l< ball neigh-
borhood®] Z7Z}o] A 7]+=1d| Z+7}9] identificaion ©]] 9]3]] £ o F locally Eu-
clideano] €& & 4 9t}

one 3-cell coming from D3

one 2-cell coming from E? C 9D?
one 1-cell coming from e

one 0-cell coming from x

A C), = Zo] 2 t}2-9] sequenceE ¥ =T}

L(p,q)9] cell-structure :

0—>Cg—>02—>01—>C0—>0

I I, | I

0—=7-—257 727 —>0

o] W] boundary map2 AA & boundaryE AAFelH H g 99 Zro] 3
Atk A7)A 0, = xpOl B2 imds C kerdy, = 09| A 95 = 0°] |
homology S A 4+s}H

HgIZ, HQIO, H1:Z/p, H():Z

it

d=oh



Third description
S* ={(z1,2) | |21 + 22> = 1} C C?

27 27 2miq

free Z/p-action on S®: e» - (z1,29) = (e'» 2z1,€ » zy) =covering action
Define

S°/(Z/p) = L(p,q)
o] Fo= 9] second description®} X ghc}. Sl WA 2 WFo2E=
1/putd 3] A3}t identifyleBZ 2 WFOZ 1/pubE e EH lune B Y2
fundamental domain©] W} 231 o] AL D32 AZ+e 4~ ) EDF 3k o
2 q/piHA, 2 FC R 1/pultd] 3 A st identify 3k Z’ﬂ‘ﬂEE D3| A A3z}
S 2F9] second identificationd} ¥ XS & 4 AT}

O] Xﬂ second descriptioniﬂr %—1’@_ oﬂ /ﬂ 9,] Lens space?,] 76]_0,] 94— ?_:]_j] ‘3‘3-% Q__,l—o].i
2}

L7472

Second descriptionol| A D3& $]9] 233} o] F K& gxgo=zw A7}
o Wb 9% =y oA T Zo] peitste] ZHI _r_o}z] identifica-

tionol] e} £ o] ¥ solid torus7} B Th EdF L ERA = WY oA HS
q/pHH B AT £ identifysto] of st 2 A A] solid torus7]— H o}k

et = A9 solid torus7t Qo)A =m Zhzte] AW Y 7B AL B
28t Aolm 2 identifyd}e] oF St} w}am oo A2 31 Ud = de

scription©] Y X3S &olgk 4~ 9tk

%A 10. F oA o Z F solid torus] B £ 7 identification-2 m(¥
)= qm +pl(LE2%F)° H3A A< &5tz



