Euler characteristic of CW-complex

1. Let X be a finite CW-complex and {C,(X), 0} be its cellular chain complex
of finitely generated free R-modules. (R : PID)

We know
X(X) = >2(=1)PrkH,(X)

= 2 (=1)rkGy(X)
= > .(—=1)P{p — cells in X}

This formula is more convenient in practice.

Example.
(1) S*: one 0-cell, one 2-cell = x(S?)=1+1=2
or one 0O-cell, one 1-cell, and two 2-cells = x(S?)=1—-1+2=2

(2) T?: one 0-cell, two 1-cells, and one 2-cell = x(T?) =1-2+1=0
(3) \(L(pq) =1—1+1—1=0
) 0 nisodd
(4) X(RP") = 1 nis even
(5) x(CP") =n+1, x(HP") =n+1

2. X,Y : finite CW-complex = X x Y : CW-complex.

(In general, one of XY is locally compact.)

% X ={e.}, Y ={es} = {en X €3} is a cell decomposition of X x Y.
Check the detail.(Exercise) 0

A 1 x(X xY) =x(X) xx(Y)

249 Let ng be the number of k-cells in X, and m; the number of [-cells in Y.

XXX Y) = 50 (=1)PQy nemyp-r)
— Z ( 1)k+lnkml
= (Z( D) (32, (=1)"m)
= X(X) xx(Y)

e.g., X(M x St =



3. Z=XUsY, (X, A): acollared pair. f: A—Y.
= x(Z) = x(X) +x(Y) = x(4).

27 Exact sequence

o Hy(A) = Hy(X) @ Hy(Y) — Hy(Z) — Hy o (A) =+

23E Agai.
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0 =x(L) = x(C) = x(B) + x(4)
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Example. x(M™§N"™)
Let M’ := M — {n—ball}. Then

Therefore

X(M™MN™) = x(M') +x(N') = x(S"1)

= {XOM) = 1T+ x(S"}F+ {x(V) = T+ x (8"} = x(5"7)

= X(M)+x(N) =2+ x(S")

_ { X(M) + x(N), n: odd
X(M) + x(N) =2, n: even



