II1. Orientation of Manifolds

IT1.1 Orientation

1. M : n-manifold, x € M, U: open neighborhood of x
Let V be a coordinate chart s.t. (V,U,z) = (R", D™, 0).

Hy(M,M—z) & Hy(V,V —2) 2 H,(R",R" — 0) = H,_(R" — 0) = Z
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A choice of a generator in H, (M, M — x) = 7Z is called an orientation at x.

H,(M,M —x) <= H,(V,V — ) — H,(R",R" — 0) == H,_1(R" — 0) > 7,
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H,(M,M — D)fE H,(V,V -U)—=H,(R",R"—- D)= H, ;(R"—D)=>7

R

pY = j,: "restriction to z” and denote by p¥(a) = al,

~

Note. j, :=
= (1)(uniqueness)Va, § € H,(M,M —U), a|l,=0l. = a=70
(2)(3 of continuation) Vf, € H,(M,M — x),38 € H,(M,M —U)
s.bt. Bla = Be

In general, for AC BC C C M,

we have (M, M —C) — (M,M — B) — (M, M — A).

= pB - p§ = pS or ac|pla = acla and restriction homomorphism is natural
with respect to homeomorphism.

2. An orientation on M is a ”continuous” choice {a,} of a generator «, of
H,(M,M —z) at each x € M, i.e., Vo € M,3U, a ball neighborhood of = and
a generator o € H,(M, M —U) s.t. p/(a) = oy, VyeU.

M is (R-) orientable if 3 an orientation on M.

(1) M’ C M, an open submanifold. M orientable = M’ : orientable.
(Ho(M', M' = 2) = H,(M, M — x))
(2)VM is Z/2-orientable. (A choice of generator is unique.)

We can make continuity clear by viewing an orientation as a section.



Sheaf topology on My = {3, € H,(M,M — z)|z € M}

Basis for the topology : Given By € H,(M,M —U), U%" C X,
let < By >= {590 € M(9| 5U|$ = Pg(ﬁ) = 6z}
Check.
(1) VB, € Mo, 3 coordinate ball neighborhood U and fy € H,(M,M — U)
s.t. ﬁU|x = Be.
(2) B €< Py >N < Py >
= JW C U NV coordinate ball of z and Sy s.t. Bw|. = G-
Show < By >C< [y >N < Gy >:
By €< Bw >= Pwly = By = Bulwle = Bule = B = Bwle = Bulw = Bw
= By = Bwly = Bulwl, = Buly, €< Bv > O

Mo with this topology is called the orientation sheaf of M.

3. Properties of Mo
(1) p: Mp — M is a covering.(Mp is not connected in general.)
By — x
24 pis continuous : V3, € My and V, a neighborhood of x, 3U, a coordinate
ball C V s.t. p(< fy >)=U C V.

p is open : p sends basic open sets < [y > to open sets U.

Vx € M, choose a coordinate ball neighborhood U, then {< By > |fy €
H,(M,M —U)} evenly covers U :

disjoint: uniquenessZ2H-¥ ayl, = ful. = av = fv =< ay >=< Gy >
open :clear

O
(2) | | =v: Mp — Z>q defined by 3, = v(5,)-a generator in H, (M, M —x) =
Z is continuous.
3% V6., 30u(U : coordinate ball) s.t. Sy, = Be.
Suppose Oy =n - ay, oy = a generator of H,(M,M —U),n > 0.
Thm. = 3, €< By >= B, = fuly, =n - avly
cv(By) =nVy eU. 0

(3) A section sof p: Mo — M on A C M is continuous iff s is locally constant,
ie,Voee A, U and fy s.t. s(z) = Pul., ,Ve e ANU.
> A 10. O



From now on, sections are always continuous.

(4) s,s": sections on a connected A C M
s(a) = s'(a) for some a € A = s=¢

4 Mo
s/ |(Uniqueness of Lifting)
Acnt ;) M O

Note. [y|anu can be viewed as a section on AN U and denote it by Bany.

4. We can rephrase the orientability of M as follows:
M is orientable if 3 a global section s : M — Mg with v(s(z)) = 1 and s is
called an orientation.

More generally, M is orientable along A C M if 3 a section s : A — My with

v(s(z)) =1
(1) M is orientable iff 3 a nowhere vanishing global section s:

Note. s,s" € I'M = sections over M
=s+se€el'M
ns (and rs € 'M, r € R)

2w May assume M is connected.

Suppose v(s(z)) = |s(z)] =n # 0. Then s(x) = na, for some generator a,.
Mo % Zsg

sT /' v-s iscontinuous and M is connected. = v(s(y)) = n,Vy € M.
M

= 715" is a well-defined section and locally constant. (Use By = s|y) 0

(2) Mo — v~ 1(0)(= M) is orientable :



W rec U= % — ball C V = coordinate unit ball.

Hn(Mo, Mo— < By >) <Hn(< By >,< By > — < fiy >)= Hn(< By >,< fv > —fa)= Ha(Mo, Mo — fz)

\LP*:N lp*:m

Hn (M, M = U) =—————— Hp(V,V = U) ————— Hn(V,V = 2) —— > Hn(M, M —2)
77BU77 L [ ”ﬁz” # 0
BU Bz
= locally constant = (1) 2 H-E] clear. 0

(3) Let M be connected and let M be a componenet of My — v~1(0).
= p: M — M is a covering. (at most two-fold)

p is a 1-fold covering (i.e. homeomorphism ) iff M is orientable.
(This follows from a general fact from Covering Space Theory.)

Zw (=) Since p is a homeomorphism and M is orientable, M is orientable.
In fact, p~! is a non-vanishing section on M.

(<) M : orientable = 3 section s with v(s(z)) = 1.

Then for 8, € M, 3, = ngs(z).

= s’ = nys is a section and hence p is a homeomorphism. Note that since
s'(M) is a connected set intersecting a component , s'(M) C M. 0

Remark. The same argument shows that M : orientable = M = ngs(M) and
hence Mo = [[ns(M), i.e., Mp = M X Z.

nez
w52 1 pis a 2-fold covering iff M is non-orientable.
M is an orientable double covering of non-orientable M.
(4) mM does not have a subgroup of index 2. = M is orientable. In particu-

lar, m;M = 0 = M is orientable.

5. M is orientable along A C M if 3 a section s : A — Mo with v(s(z)) = 1.
Let I'A = { sections on A} : a group (or R— module)



(1) M : orientable along A =

14

A — TS Axz
p
A
P
%9 p1(A) = A is a covering.
B, € () = B, = ns(x) and define 6(8,) = (z, ).
¢ is 1-1 and onto. : clear
Vo € A,3(3) = 3 U, a coordinate ball neighborhood and oy € H,,(M, M —U),

s.t. ap =son ANU.
VBu, if Bul. = ns(z) = nay|, for some n, then fy = nay = ns and

< By > Mp HA) = < Bulanv > =< Banv > 4 (ANU,n) commute.

P
p1:=

ANU

= ¢ is a local homeomorphism.
.. ¢ is a homeomorphism. 0
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(2) M : orientable along A and A : connected = I'A = Z(or R).
In general, 'A = Z*, k = the number of components of A.

(3) M : orientable = M is orientable along VA C M.
In this case, Acornected — A~ 7,

(4) A : a component of p~*(A) —v71(0) = p: A — Ais 1 or 2-fold covering
and orientable iff p is homeomorphism. (same proof as 4(3))
M : non-orientable along A = T'A = 0.



