I11.2 H,(M", M — A), ¢>n
idea : Compare H, (M, M — A) with I'A.

6. Suppose U™ C M. Then [y € H,(M,M — U) can be viewed as a section
as before and we have a homomorphism ji : H,(M, M —U) — I'U.

Bu = ju(Bu) : v+ Buyls
In general, VA C M, does ja : H,(M, M — A) — T'A(defined by ”3” = j(0) :

x +— () define a homomorphism, i.e., is j4(3) continuous section on A?

%% Want 73" is locally constant, i.e., Va € A, 3V and Py st. (|, =
ﬁv|x Nre ANnV.

Recall : Can represent 5 = {b} with 90b C M — A.

|0b| : compact = U = M — |0b| is open and choose V', a coordinate ball
neighborhood of a with V' C U.

(MM —-U)—-=(M,M—-V) = [ ={b}>3by

e

(M, M — A) — (M,M —a) B'a=0—Pla
And VIEAQV, BV‘m:ﬁ/|V|$:ﬁl|m:ﬁ/|A|$:ﬁ|m O

7. When is j4 : H,(M,M — A) — I"'A an isomorphism?
Know : true if A = U, a coordinate ball.

Hn(V, vV — U) excision:~ Hn(M, M — U) Jju U
l"/’*lg ’(/)*2%
7 = H,(R",R"\D) ID= D=2

Also note Hy(M, M — U) = H,(R",R"\D) = H,_,(S") = 0 if ¢ > n.

Let M = R"™.

If Ais a ”"nice ” compact set, then j, is =.

e.g. A= D,[0,1] x [0,1],]0, 1], point, -- - etc.

But note that if A= M =R, H;(R', R"\R') = H;(R') = 0 but 'R = Z.



Note. A: closed. Then

Hy(M, M —A) 24— T4
S
A

ie., ja(B) € I A V[ where I' A consists of sections with compact support.

S Let 3 = {b}: relative cycle = |b| : compact.
Then Vx € (M — |b]) N A, |, = 0 since |b] C M — x. Think of this in chain
level.

0—=S,(M—A)—=S,(M)—=S,(M)/S,(M —A)—=0

0—=S,(M —x)—=S,(M)—=S,(M)/S,(M —xz)—=0
.. B has a support C |b| N A : compact 0
So the right statement is ja : H,(M, M — A) — ' A.
Furthermore, j4 is natural:

BCACM= H,(M,M — A) T4 commute.
lpg Lrestm'ction
H,(M,M - B)2~TB

Exercise. < A| 11.

o

Fi(M,A)—==(N,B)=  H,(M,M—A)“~TA  commute.

8. (Theorem) Let M be an n-dimensional manifold and A<°*d ¢ M. Then
(1) H(M,M — A) =0 for ¢ > n
(2) H,(M,M — A) =T A

o]\

k:



BEA-Y 1 (MV) A, B closed C M. If the theorem is true for A, B and AN B,
then so is for AU B.

%% A, B: closed = M —A, M — B open with (M —A)N(M—-B)=M—-AUB
(M—A)U(M-B)=M—-ANB
relative MV:

hypothesis = 0 = Hy,, (M, M — AU B) = H,(M,M — A) @ H,(M, M — B) = H,(M,M — ANB) >0

T 1~ 1~

exact : O%F(AUB) %F(A)@F(E) %F(AQB) —0

st (sla,slB)

(a,b) ————alan — blanB

(i) follows from relative MV-sequence.
(ii) follows from 5-lemma. 0

REAE 2 If M =R" and A is a compact subset of R™, then the theorem is
true.

2% Know : The theorem is true for a ”nice” compact set A C R”, for in-
stance A =rectangle.

By lemma 1, the theorem is true if A is a finite union of rectangles by induction
on number of rectangles. O

o] Al compact set Aol skl 2|7} Y TS HolAL

WA ja: H,(M,M —A) - TA=T,A7} ontoYd-& H 2t}

(i) For s € I'A, there exists an open set U containing A such that s can be
extended to 5 on U.

pf) s(A) is compact = s(A) lies in finitely many sheets of RY = R™ x Z.

Let A;=s"'(R" x 1) for i € Z. A; is compact.

So there exists an open set U; containing A; such that U;’s are pairwise disjoint
and s can be extended to s over U = |JU;.

(ii) Cover A by finitely many rectangles in U and let A’ be the union of
rectangles.



Then the following diagram commutes.

Hy(M, M — A 2~ TA 5 5|4

o

l l restriction

Ho(M, M — A) —22 TASs

A9 s € TAd thate (i)oll &3] 57 2ABE R 5|42 sof] ThLH =
FA’e] gaolt}. =t j4 2 isomorphism©] 2 & j4= onto©| T}

O|A] ja©l 1-10]3 Hy (M, M — A) =0 for ¢ > nY<S Ho|A}L

Let o € Hy (M, M — A) and assume j4(a) =0 if ¢ = n.

Suppose a = {a} with da C M — A. Since |0a| is compact, V = M — |0dal is
open. Let o/ ={a} € H,(M,M —V).

(g =n): Let U C V be an open set containing A each of whose components
intersects A. Let A’ be a finite union of rectangles which covers A and is
contained in U.

Then jy(a'|y) is a section on U which has a zero on each of its component.
(".- Each component intersects A and ja(a) =0.)

By uniqueness of sections on connected sets, jy(/|y) = 0.

Hy (M, M - U)—2" -1y o |y ———=0
Hy(M, M — A~y B —

| LT

Ho(M,M — A)—2— T4 ——0

Therefore by the above diagram, o’| 4 = 0 and hence a = 0.
(¢ > n) : The theorem is true for A’. So /|4 = 0 and hence o = 0. 0

el 578

Step 1. Acmpact — M.

A is a finite union of compact sets each of which is contained in a coordinate
ball neighborhood(a R™) and apply lemma 1 and lemma 2.

——compact

Step 2. ACUP™ CU = The theorem is true for A C U(= M)!
where A is a closed subset of U:

!manifold9] open subset-2 manifoldo| 22 U = M2 & 3t = F4}3sict.

4



OU =U — U is compact and U — Z_: U— A.
Consider (M, M — oU, M — (0U U A)).
(g >n):

Hy (M, M—0U) — H,(M—0U, M—(0UUA)) — H,(M, M—(0UUA)) — - -

By excision theorem, H,(M — 0U, M — (0U U A)) = H (U, U - A).
By step 1, Hyq1 (M, M —0U) =0 and H (M, M — (0U U A)) = 0.
Therefore H,(U,U — A) = 0.

(¢ =n):
0—H,(U,U—-A)— H,(M,M — (0UU A)) — H,(M — oU)
le l%(step 1) l%(step 1)
0 FC extension by 0 F(aU U A) restriction F<8U)
outside support
So, 74 is an isomorphism by 5 lemma.
Step 3.(general case)
Show j4 : H,(M,M — A) — I' A is onto:
Vs € ' A, let supp s = K.
Then K is compact and dU such that K C U C geompeet
Let A=ANU.
Ho(U,U — A 52D _p a5 4],
\Li* \Lextension by 0
. outside K
H,(M,M — A) —2 r.A>s
So, ja is onto.
Show j4 is 1-1 and H,(M,M — A) =01if ¢ > n:
a € H (M, M — A) and assume jus(a) =0 if ¢ = n.
—=compact

If « = {a} with da C M — A, |a|: compact = |a| CU C U :

Let A”= ANU. Apply the above diagram.

g =n: Since |a| C U, o ={a} € H,(U,U — A’). So in the above diagram,
ix(a’) = a. Since ja(a) = 0 and 0|4 = 0, ja (/) = 0. So @' = 0 and hence
a=0.

g>n: Bystep2, o ={a} € H(U,U—-A")=0. Soa =0. 0



9. Consequences of the theorem

(1) Let A be connected and closed but not compact. Then H,,(M, M —A) = 0.
In particular if M is connected but not compact then H, (M) = 0.

ZW IfseTl.A vos: A— Z=°is continuous and = 0 at some a ¢ supp s.
Sol''A=0 5

(2) If M is orientable along A, A is compact and has k components, then
Hy(M, M — A) = ZF.
9 T, A=TA>=7Z"by5. (2). 0

(3) If A C R™ is compact and has k components, then H,_;(R" — A) = ZF,
3™ From homology sequence of pair (R", R™ — A), we get

0 — H,(R",R" — A) — H, |(R" — A) — 0
So H,_1(R" — A) = H,(R",R" — A) = ZF by (2). 0

Z, if M is orientable
. ) o s
(4) If M is connected and closed®, then H,, (M) = { 0. if M is non-orientable

%9 Clear from 5. (3) and (4). -

R, if M is R — orientable

Remark. For a PID R, H,(M) = { 0, if M is not R — orientable

10. Fundamental class of M and degree
A choice of generating section is an orientation and the corresponding ho-
mology class (3 is called the fundamental (orientation) class of M, i.e.,

Cle € Hy(M, M — x) is the preferred orientation at x for all z € M.

Let M™, N™ be oriented closed connected manifolds. For f : M — N, if
f«(Cur) = k- N, k is called the degree of f.

%A 14 Vy € N, "regular value” i.e., Vo € f~!(y), f is a homeomorphism on
a neighborhood U, (fly, : Uy — V,). Then

degf = Y deg.f

zef~(y)

2A manifold M is closed if it is compact without boundary.
SIM|e.2 27 % 3t}



where deg, f is defined by f|y. : H,(U,U — x) — H,(V,V —y).
In particular, if p: M — N is a k-fold covering, degp = k (with respect to the
induced orientation on M).
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