
III.2 Hq(M
n, M − A), q > n

idea : Compare Hn(M,M − A) with ΓA.

6. Suppose U open ⊂M. Then βU ∈ Hn(M,M − U) can be viewed as a section
as before and we have a homomorphism jU : Hn(M,M − U)→ ΓU.

βU 7→ jU(βU) : x 7→ βU |x
In general, ∀A ⊂M, does jA : Hn(M,M −A)→ ΓA(defined by ”β” = jA(β) :
x 7→ β|x) define a homomorphism, i.e., is jA(β) continuous section on A?

��������� Want ”β” is locally constant, i.e., ∀a ∈ A, ∃V and βV s.t. β|x =
βV |x ,∀x ∈ A ∩ V.
Recall : Can represent β = {b} with ∂b ⊂M − A.
|∂b| : compact ⇒ U = M − |∂b| is open and choose V , a coordinate ball
neighborhood of a with V ⊂ U.

(M,M − U) //

²²

(M,M − V )

∼=onHn

²²

⇒ β′ = {b} //

²²

∃βV

∼=
²²

(M,M − A) // (M,M − a) β ′|A = β // β|a

OO

And ∀x ∈ A ∩ V, βV |x = β′|V |x = β′|x = β′|A|x = β|x.

7. When is jA : Hn(M,M − A)→ ΓA an isomorphism?
Know : true if A = U , a coordinate ball.

Hn(V, V − U)
excision:∼= //

ψ∗:∼=
²²

Hn(M,M − U)
jU // ΓU

ψ∗:∼=

²²
Z = Hn(Rn,Rn\D)

jD:∼= // ΓD = Z

Also note Hq(M,M − U) ∼= Hq(Rn,Rn\D) ∼= H̃q−1(S
n−1) = 0 if q > n.

Let M = Rn.
If A is a ”nice ” compact set, then jA is ∼=.
e.g. A = D, [0, 1]× [0, 1], [0, 1], point, · · · etc.
But note that if A = M = R1, H1(R1,R1\R1) = H1(R1) = 0 but ΓR1 = Z.
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Note. A: closed. Then

Hn(M,M − A)
jA //

jA

%%KKKKKKKKKK ΓA

ΓcA

⊂

AA¤¤¤¤¤¤¤

i.e., jA(β) ∈ ΓcA ,∀β where ΓcA consists of sections with compact support.

��������� Let β = {b}: relative cycle ⇒ |b| : compact.
Then ∀x ∈ (M − |b|) ∩ A, β|x = 0 since |b| ⊂ M − x. Think of this in chain
level.

0 // Sn(M − A)

²²

// Sn(M) //

=

²²

Sn(M)/Sn(M − A) //

²²

0

0 // Sn(M − x) // Sn(M) // Sn(M)/Sn(M − x) // 0

∴ β has a support ⊂ |b| ∩ A : compact

So the right statement is jA : Hn(M,M − A)→ ΓcA.
Furthermore, jA is natural:

B ⊂ A ⊂M ⇒ Hn(M,M − A)
jA //

ρA
B

²²

ΓA

restriction

²²

commute.

Hn(M,M −B)
jB // ΓB

Exercise. 	
 �
��� 11.

f : (M,A)
∼= // (N,B)⇒ Hn(M,M − A)

jA //

f∗:∼=
²²

ΓA

”f∗”

²²

commute.

Hn(N,N −B)
jB // ΓB

8. (Theorem) Let M be an n-dimensional manifold and Aclosed ⊂M . Then
(1) Hq(M,M − A) = 0 for q > n
(2) Hn(M,M − A) ∼= ΓcA

���������
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�������������� 1 (MV) A,B closed ⊂M. If the theorem is true for A,B and A∩B,
then so is for A ∪B.��������� A,B : closed⇒M−A,M−B open with (M−A)∩(M−B) = M−A∪B

(M−A)∪(M−B) = M−A∩B
relative MV:

hypothesis // 0 //

∼=

²²

Hn(M,M −A ∪B) //

j

²²

Hn(M,M −A)⊕Hn(M,M −B)

∼=

²²

// Hn(M,M −A ∩B)

∼=

²²

// 0

exact : 0 // Γ(A ∪B) // Γ(A)⊕ Γ(B) // Γ(A ∩B) // 0

s
Â // (s|A, s|B)

(a, b)
Â // a|A∩B − b|A∩B

(i) follows from relative MV-sequence.
(ii) follows from 5-lemma.

�������������� 2 If M = Rn and A is a compact subset of Rn, then the theorem is
true.��������� Know : The theorem is true for a ”nice” compact set A ⊂ Rn, for in-
stance A =rectangle.
By lemma 1, the theorem is true if A is a finite union of rectangles by induction
on number of rectangles.

�����! 
compact set A "�#%$�&('*),+.-0/21354 �76 )987:3<;�=>@?*ABDCE F GH ����I ) .JLKMONQP jA : Hn(M,M − A)→ ΓA = ΓcA

6 ) onto RTSU CE F GHWVTXM�Y ) .
(i) For s ∈ ΓA, there exists an open set U containing A such that s can be
extended to s̄ on U .
pf) s(A) is compact ⇒ s(A) lies in finitely many sheets of Rn

O
∼= Rn × Z.

Let Ai=s−1(Rn × i) for i ∈ Z. Ai is compact.
So there exists an open set Ui containing Ai such that Ui’s are pairwise disjoint
and s can be extended to s̄ over U =

⋃
Ui.

(ii) Cover A by finitely many rectangles in U and let A′ be the union of
rectangles.
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Then the following diagram commutes.

Hn(M,M − A′)
jA′

∼=
//

²²

ΓA′ 3 s̄|A′

restriction

²²
Hn(M,M − A)

jA // ΓA 3 s

RTSU[Z\ Z\ s ∈ ΓA "�#]$�&^'*)_+.- (i) "�# Z\ '*)_+.- s̄
6 )a`b ced2f '*)hgikjH s̄|A′ lm c s "�#]$�&onprqOstvuw x

ΓA′ Z\ yz|{9}~ ��� Y ) . ����_�� jA′ lm c isomorphism
��� gi�jH jA

uw x onto
��� Y ) .

�����! 
jA
���

1-1
���*�� Hq(M,M − A) = 0 for q > n RTSU CE F GH ���LI ) .

Let α ∈ Hq(M,M − A) and assume jA(α) = 0 if q = n.
Suppose α = {a} with ∂a ⊂ M − A. Since |∂a| is compact, V = M − |∂a| is
open. Let α′ = {a} ∈ Hq(M,M − V ).

(q = n) : Let U ⊂ V be an open set containing A each of whose components
intersects A. Let A′ be a finite union of rectangles which covers A and is
contained in U .
Then jU(α

′|U) is a section on U which has a zero on each of its component.
(∵ Each component intersects A and jA(α) = 0.)
By uniqueness of sections on connected sets, jU(α

′|U) = 0.

Hn(M,M − U)
jU //

²²

ΓU

²²

α′|U
Â //

_

²²

0_

²²
Hn(M,M − A′)

jA′

∼=
//

²²

ΓA′

²²

α′|A′
Â //

_

²²

0_

²²
Hn(M,M − A)

jA // ΓA α Â // 0

Therefore by the above diagram, α′|A′ = 0 and hence α = 0.
(q > n) : The theorem is true for A′. So α′|A′ = 0 and hence α = 0.

����������� ����o����
Step 1. Acompact ⊂M :
A is a finite union of compact sets each of which is contained in a coordinate
ball neighborhood(≈ Rn) and apply lemma 1 and lemma 2.

Step 2. A ⊂ U open ⊂ U
compact

⇒ The theorem is true for A ⊂ U(= M)1

where A is a closed subset of U :
1manifold �� open subset �� � manifold �.�7����� U = M ���������2���,�� �¡e¢2£¤ ���.¥L� .
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∂U = U − U is compact and U − A = U − A.
Consider (M,M − ∂U,M − (∂U ∪ A)).
(q > n):

Hq+1(M,M−∂U)→ Hq(M−∂U,M−(∂U∪A))→ Hq(M,M−(∂U∪A))→ · · ·

By excision theorem, Hq(M − ∂U,M − (∂U ∪ A)) = Hq(U,U − A).
By step 1, Hq+1(M,M − ∂U) = 0 and Hq(M,M − (∂U ∪ A)) = 0.
Therefore Hq(U,U − A) = 0.
(q = n):

0 // Hn(U,U − A) //

jA
²²

Hn(M,M − (∂U ∪ A)) //

∼=(step 1)
²²

Hn(M − ∂U)

∼=(step 1)
²²

0 // ΓcA extension by 0
outside support

// Γ(∂U ∪ A)
restriction

// Γ(∂U)

So, jA is an isomorphism by 5 lemma.

Step 3.(general case)
Show jA : Hn(M,M − A)→ ΓcA is onto:
∀s ∈ ΓcA, let supp s = K.

Then K is compact and ∃U such that K ⊂ U ⊂ U
compact

Let A′ = A ∩ U .

Hn(U,U − A′)
∼=(step 2) //

i∗
²²

ΓcA
′ 3 s|A′

extension by 0
outside K²²

Hn(M,M − A)
jA // ΓcA 3 s

So, jA is onto.

Show jA is 1-1 and Hq(M,M − A) = 0 if q > n:
α ∈ Hq(M,M − A) and assume jA(α) = 0 if q = n.

If α = {a} with ∂a ⊂M − A, |a|: compact ⇒ |a| ⊂ U ⊂ U
compact

.
Let A′ = A ∩ U . Apply the above diagram.
q = n : Since |a| ⊂ U , α′ = {a} ∈ Hn(U,U − A′). So in the above diagram,
i∗(α

′) = α. Since jA(α) = 0 and 0|A′ = 0, jA′(α
′) = 0. So α′ = 0 and hence

α = 0.
q > n : By step 2, α′ = {a} ∈ Hq(U,U − A′) = 0. So α = 0.
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9. Consequences of the theorem
(1) Let A be connected and closed but not compact. Then Hn(M,M−A) = 0.
In particular if M is connected but not compact then Hn(M) = 0.��������� If s ∈ ΓcA, ν ◦ s : A → Z≥0 is continuous and = 0 at some a /∈ supp s.
So ΓcA = 0

(2) If M is orientable along A, A is compact and has k components, then
Hn(M,M − A) ∼= Zk.��������� ΓcA = ΓA ∼= Zk by 5. (2).

(3) If A ⊂ Rn is compact and has k components, then H̃n−1(Rn − A) ∼= Zk.��������� From homology sequence of pair (Rn,Rn − A), we get

0→ Hn(Rn,Rn − A)→ H̃n−1(Rn − A)→ 0

So H̃n−1(Rn − A) ∼= Hn(Rn,Rn − A) ∼= Zk by (2).

(4) IfM is connected and closed2, thenHn(M) =

{
Z, if M is orientable
0, if M is non-orientable��������� Clear from 5. (3) and (4).

Remark. For a PID R, Hn(M) =

{
R, if M is R− orientable
0, if M is not R− orientable

10. Fundamental class of M and degree

A choice of generating section is an orientation and the corresponding ho-
mology class ζ3 is called the fundamental (orientation) class of M , i.e.,
ζ|x ∈ Hn(M,M − x) is the preferred orientation at x for all x ∈M .

Let Mn, Nn be oriented closed connected manifolds. For f : M → N , if
f∗(ζM) = k · ζN , k is called the degree of f .

	
 �[��� 14 ∀y ∈ N , ”regular value” i.e., ∀x ∈ f−1(y), f is a homeomorphism on

a neighborhood Ux (f |Ux
: Ux

∼=
→ Vy). Then

degf =
∑

x∈f−1(y)

degxf

2A manifold M is closed if it is compact without boundary.
3[M ] �����§¦�©¨ � ��«ªL¬­ ¥L� .
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where degxf is defined by f |U∗ : Hn(U,U − x)→ Hn(V, V − y).
In particular, if p : M → N is a k-fold covering, degp = k (with respect to the
induced orientation on M).

	
 �[��� 15 (22.43) (22.49) (22.50)*
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