IV.3 Cup and Cap Product

Cup Product
coefficient: R, a commutative ring with 1.

Aol 1 ae SP(X),be S1X), define a cup product of a and b, aUb € SPT(X):
Let A\, : A, — A,4, be a linear map determined by

(€0, -+ ,ep) — (e0y -+ ,ep) < Dpiyg (N, is called ”front p-face”)
Pq: Dg = Dpig
(€0, ,€q) > (€py - s €piq) < Dpiq (pg is called "back g-face”)
o]
€2
A
€p ! P1
€1

Notation: a € SP,x € S, = a(x) =: (z,a) : pairing.
This induces a pairing on homology - cohomology level. !

Define (0,aUb) := (0, a)(opy, b) and extend linearly on Sy, so that a Ub €
SPT4 where o is a singular (p 4 ¢)-simplex.
(1) U is bilinear : clear

(2) U is associative : (aUb)Uc=aU(bUc), a€SP,be Sl ceS":
(0, (aUb)Uc) = (0Apiq,aUb)(opy, c) = (0Xp1qAp, @) (0 Apiqpg; b) (01, C)

(0,aU(bUc)) = (0, a)(0pgir,bU ) = (0Xy,a))(0Pp1eAq; ) (0 pg1rpr C)
and it is easy to check oAy 4py = 0pgirAg and op, = Tpgirpyr.

(B)1Ua=aUl=a, 1€S%X)with (z,1)=1,Vz € Sy(X)

.. Let S* = @SP. Then U is defined on S* by extending linearly, i.e., a = YaP €
p P

& @) = ([=],[a]) = (2, a)
(i)(z + 8y, a) = (z,a) + (Jy, a) = (z,a)(. (9y, a) = (y,da) = 0)
(ii)(z,a + 6b) = (z,a) + (x,80) = (z,a) (" (x,db) = (dz,b) = 0)
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S* b= qu €S*=aUb= X (a? Ub?) and U is an associative product with 1
p.q

on S* gwmg a ring structure.(or R-algebra structure)

2. Derivation property : 6(a Ub) = da Ub+ (—1)a U db.

pt+q+1 ) ) )
5% (0p401,0(aUb) = (90,0 Ub) =" 3 (=1)'(0f4y 00,0 UD)
ptg+1

p . . E i . .
:%(—1)Z(‘7 IZH-q—&-l)‘paa)(a ;+q+1pq,b)—|— p% (=1)"(o ;+q+l)‘pv@)(0 1Z7+q+1pq>b)

Note. 0<z<p—i—1:>af+qJrl = oM S
OSZSp:Jerquq 0pq
& P i i +1 p+1
= %: = ( %3 (—1) U/\p+1fp+17a)(‘7pq7b) — (=) (o fp+q+1 )(qu,b)

= 0(0Ap11)
= (0,0aUb) + (—1)P(c )\, a)(opg,b)

Similarly, p <1 <p—|—q—i— 1= fAJrquq pq+1f;ff

p+q+1 pt+q+1 ) ip
N = (oA, a)( % (—1)’qu+1fq+1,b)—(—l)p(a)\p,a)(apq,b)

T optl

=S )l = (—10(op,0)
= (-1)(0:0 U ) - (~1)"(0Ay. )07y, ) .

S* . a ring with respect to U

Z* = @ZP : subring by derivation property

B* = ®BP : ideal in Z*

= U is induced on Z*/B* = H* = ®H? : a "graded ring” (algebra) with 1.
(Note. 1 is a cocycle since d1(e) = 1(de) = 1(e; —eg) =1 —1=0)

3. Let f: X =Y

= [HaUb) = f¥(a) U f#(b) and hence f*(a U ) = f*(a) U f*(B)
(ff = Ji: S*(X) — S*(Y) and f*: H*(X) — H*(Y))

2]‘2:&1,71 —>Ap
(607"' 7617—1)’_> (607"' ,éi7"' 7ep)



b) = (fi(0)Ap, a)(f:(0)pq, b)
(f oA, 0 pg,b) = (fi(0 - Ap),a)(fe(0 - pg),b)
= (0 - \p, ffa)(opy, f*b) = (0, ffaU fﬁb) 0

o.S* H* : contravariant functor 7 opology — Ring(R — algebra)

4. (anti-) commutativity
a€ H e Hi=aUpB=(-1)[FUaxa
This formula is not true on cochain level.( but almost true)
But true in simplicial case :
Let 0, : A, = A,
(€0, ,ep) = (€p, - €0)
To get the same oriented simplex, we have to multiply €, = (—1)% so that
epfp = id on the simplicial chain complex.

Let 6(0) = €,0 - 8, for both simplicial and singular case.
Then 6 is a natural chain map :
(1) Show 00 = 00 :

, . A . P o
00(0) = €,0(0-0,) = e,5(=1)'00, f; = X(=1)'0 fF70, 1 = ep%)(—l)p_JUfgep,l =
(~ 1763~ 1Y 6,1 = (~1)6,10(00) = 0(00).

oM

(2) Naturality :

S(XI d S(Yl) 0(f0) = epfyo Oy =e,f -0 -0,
S(X)—Lw8(Y) = efilo-0,) = Fileot,) = £(6(0).

Now, (0,0(aUb)) := (6(c),aUb) = €prq(00prq,aUb)

= €prqg(0 8p+q>‘pa a)(0 - Upiqpg; )
= €piq(0 - pp - Op,a)(0 - Ag - 04, D)

= €pq€p€q(l (app),a)( (0Ag),0)
= (=1)"(0pg, () (oA, (D))
= (=1)"(0,8(b) U b(a))

. B(aUb) = (=1)P0(b) U B(a)



In simplicial case, § = id = § = id = aUb = (—1)?*%bUaq
In singular case, 6 is not id but 6* = id on H*, since 6 : S(X) — S(X) is a
natural chain map and hence 6 ~ id by Acyclic model theorem.

LaUup=(=1)"MgUa.
Recall Acyclic model theorem.
Acyclic Model Theorem

Let 7 be a category and C be a category of chain complexes and chain maps.

Let S and &' : 7 — C be functors and M C Ob(7T).

(1)S’ is acyclic relative to M, i.e., S'(M) is acyclic for VM € M.

(2)S is free relative to M, i.e., ¥p, 3 an indexed family { M, }acs, and {ia}acs,, Mo €
M. i, € S,(M,) such that the indexed family {S(0)ia }acs,, 0 € hom(M,, X)

is a basis for S,(X).

Then (i) 3 a natural transformation 7 : & — S’ which induces a given natural
transformation 7 : Ho(S) — Ho(S').
(ii) Given two each natural transformation 7 and 7/, 7~ 7’

5. Examples
WMT=S"xS'=H’=Z,H' =Z®7Z,H =7

02

01

X

o3 o8 9 I8F 22 2-simplexg} d}A}(standard 3-simplex®] vertex
0,125 4E A2 HU = simplex©|t}.)

d(o1—03) =008 2 ( = {0 — 02} € Hy 2 T 0] Hy9| generator| 22
T?9] fundamental orientation class”7} = t}.

H' 2 Hom(H,,Z)°122 H, =Z & Z = ({z},{y}) 2} 34 ({z},{y})2 dual
basis a = {a}, 8 = {b} 7} H' 9] basis7} Ht}.



e} A,

(C>CYU5) = (Ul—UQ,CZUb)
(01,aUb) — (02,4 UD)
- (U )‘17 )(Ull)lab)—(U2>\1,a)(02p1,b)
= E a)(y,b) — (y,a)(z,b)
1

{eha)({u}.B) - ({yha)({a). 8)

O|BZ, aUpE H?Y generatoro] t}.

Ring structure of H*(T?):

This is generated by a and § with the relation a Ua =0, U =0, aUF =
—BUa.

Hehd thee @ 4 gk

H*(T,R) = A(R?)
(o] @], cup product-2 wedge producte] of-2-Ft}.)
44 20. Compute the cohomology ring of 3y = THT.

(2) K=Klein bottle. = H? = 0,H' = Z ® Z/2, H* = 7
Universal coefficient theorem @ 2 28] H*(K;Z/2) : H> = Z/2, H' = 7/2 &
Z/Q, HO :Z/Qm L 4 S5 g

v AZ 2193} 2ol 07 0, E HY 3t
02 y 8oy + 02) = 2y = 0 (mod 2)
i 9e & Avk WA (= {01+ 02} 2 519 H, 9 genera-
T tor7} E T}
& f‘rAUVW}ZlE a, 35 {z}, {y}9] dualo]e} 41 A4rs] B thS AR
=%+

Ring structure of H*(K;Z/2):
H*(K;Z/2) is a ring generated by «, 3 with the relations : a? = 0, a8 = Ba =
3.



<A 21. Compute the ring structure of H*(P% Z/2).

6. Relative cup product

(1) HP(X, A) x HY(X) — HPT(X, A) is well defined:

Note. An element of HP(X, A) can be represented by a cocyle in S?(X) which
vanishes on S,(A4) :

0~ SPHL(A) = SPHL(X) —— SPH(X, A) <0

o

0<~—SP(A) SP(X)—L—5P(X, A)<——0

2] diagram©| A i<= restriction map©] t}. wha}A] SP(X, A)¢] cocycle SP(X)<]
cocycle & S,(A)ol restrict3H 0°] ¥ & =]tk

Suppose a € SP(X, A) C SP(X) (vanishing on A). Then a Ub also vanishes on
A since front p-face of o € S,4,(A) also lies in S,(A).

(2) HP(X, A) x H(X,A) — HP (X, A) is a restriction of (1).
Cap product

7. The cap product is a bilinear pairing,
A SpeglX) X SP(X) — S,(X)

given by (cNa,b) = (0, aUb), i.e., Na is the adjoint of aU, or cNa = (oA, a)op,.
(= N:Su(X) x S*(X) — S.(X) : extend linearly)

8. 0)oNl=oc

(1) eN(aUb)=(cNa)nb

(2) d(cNa)=(—1)P(0c Na—ocNda), o € Sprq, a € SP

3% (0) clear from 1Ub =b.

(eNa)Nb,c) = (eNa,bUc) = (o,aU(bUc)) = (o, (aUb)Uc) = (cN(alb), c)
d(cNa),b) = (cNa,ob) = (o,aUdb)

—1)?((0,6(aUb)) — (0,0aUb)) = (—=1)?((do Na,b) — (o N da,b)) 0

9] (2)0] 9J5he] The& & 4 Atk

Cap product induces a bilinear pairing,

N Hpyio(X) x HP(X) — Hy(X)

6



({0} € Hygl X), {a} € HP(X)2H 3171 (2)0] &I 5}
decNa)=0
O|BZ gNad cycleo] AT} ESH (2)0] A
(OT)Na==+d(rNa)E7Nda==+0(TNa)

~—

o]j]_

oNdéb==20(cNb)£doNb==0(cNb)
o] 22 homology®l| 4] &] mape] & A 2] Ht})

9. f: X -Y = fy(on ffa) = fro Na. (Same for f, and f*)
ik
(fi(o N ffa),b) = (0N fia, f*b)
= (0, ffa U f*b)
= (0, ff(aUb))
= (fﬁO’,an)
= (fﬁaﬂa,b)

10. Relative cap product

(¢ Hyo(X, A) x HP(X, A) — H,(X)(— H,(X, A))

and N: Hyg( X, A) x HP(X) — H (X, A)
are well-defined.
2% (1) 2 € Z, (X, A), c€ ZP(X, A) g} F4

0z € S(A)

o]

kd

¢ is a cocycle in ZP(X) which vanishes on S,(A).
Qe ek we
d(zNec)==%(0z)Ne+ 2N (6c) =0?
olBE zNcE X9 cocycleo] H o] FHo] ST}

(2) 2 € Zpg(X, A), c € ZP(X)2} FH
d(zNec)==x(0z)NectzN(0c) =%(0z)Nc
ANA d(zNc)7F A2 chaino] F o] 2 N cE relative cycleo] AT

3-0c=0and 9z € A




