
V. Poincare Duality

V.I Direct Limit

1.(Directed set)
A directed set is a partially ordered set {J,≤} such that ∀α, β ∈ J,∃γ ∈ J
such that α ≤ γ, β ≤ γ.

Examples
(1) a totally ordered set
(2) a power set P(X) with ⊂(or ⊃)
(3) Let X be a space. J = {A|A is an open covering ofX} and A ≤ B if B is
a refinement of A
({A ∩B|A ∈ A, B ∈ B} is a common refinement of A and B)
For example, {a partition P on[a, b]} is a directed set.

(4) Let (X, x0) be a space with a base point. J = {(X̃, x̃0; p) : a covering space of X}
with X1 ≤ X2 if there exists a covering from X2 to X1. For X1, X2 ∈ J , we
put X3 = {(x1, x2) ∈ X1 ×X2|p1x1 = p2x2}, then X3 ∈ J such that X1 ≤ X3

and X2 ≤ X3.

2. Let J be a directed set. A direct system of R-modules and homs is an
indexed family of R-modules {Mα}α∈J and homs {fβα : Mα → Mβ,∀α ≤ β}
such that

(1)fαα = id.,∀α ∈ J
(2)fγβ ◦ fβα = fγα,∀α ≤ β ≤ γ

Remark
1. In general, a direct system in a category C is defined in the same way :
Mα is an object in C and fβα is a morphism : Mα →Mβ

2. An inverse system is defined dually; gαβ : Mβ → Mα,∀α ≤ β with (1)
and (2).

3. A direct limit of a direct system {Mα, fβα} is M and {fα :Mα →M}α∈J
with the property that fβfβα = fα which is universal, i.e.,
∀N together with {gα : Mα → N} satisfying gβfβα = gα, there exists unique
g :M → N such that gα = g ◦ fα,∀α.
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· · · // Mα

fβα//

gα ((RRRRRRRRRRRR

fα

&&
Mβ

//
gβ

!!DD
DD

fβ

##
· · · // M

∃!g}}

N

Notation M = lim
−→
Mα

Remark Inverse limit is defined similarly by reversing the arrows.

4. Existence and uniqueness of direct limit
♣ Existence ♣
Let M =

∐
α

Mα/ ∼, where xα ∼ xβ for xα ∈ Mα, xβ ∈ Mβ if and only if

fγα(xα) = fγβ(xβ)for some γ ≥ α, β, and fα : Mα → M given by fα(xα) =
{xα}(: equivalence class of xα)
Module structure onM : {xα}+{yβ} := {fγα(xα)+fγβ(yβ)} for some γ ≥ α, β.
Is it well-defined? It is clear by the following figure.

�
�

�
� �

�

y
′

β

x
′

α

yβ

xα
+

+

+

γ

γ
′

δ

Similarly r{xα} := {rxα}.

fα :Mα →M is a homomorphism.(clear)

Universal property : Given N and gα : Mα → N , need to show that there
exists unique homomorphism g such that the following diagram commutes.

Mα

gα !!CC
CC

fα // M

∃!g~~

N

Define g{xα} = gfα(xα) = gα(xα).
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Well-definedness : xα ∼ xβ ⇒ fγα(xα) = fγβ(xβ)⇒ gγfγα(xα) = gγfγβ(xβ)⇒
gα(xα) = gβ(xβ)
Clearly g is a homomorphism.
g is unique : g

′

fα(xα) = gα(xα) = gfα(xα) and ∀x ∈M,x = fα(xα)for some α and xα

�� �
	�� 22 Do the same for T op.

Another description for R-module case
Let M =

⊕
α

Mα/N , where N =< iβfβα(xα) − iα(xα)|xα ∈ Mα,∀α ≤ β >

(submodule) and iα :Mα ↪→
⊕
α

Mα

♠ Uniqueness ♠
Let M,N be direct limits of {Mα, fβα}. Then

Mα

fα //

gα &&LLLLLLLLL
M

∃!gÂÂ

N

∃!f
__

f ◦ g : M → M with (f ◦ g)fα =
fgα = fα ⇒ f ◦ g = id. by
the uniqueness of such homomor-
phism.

Similarly g ◦ f = id.

�� �
	�� 23
Let · · · ↪→ Xi ↪→ Xi+1 ↪→ · · · .
Describe lim

−→
Xi in S(the category of sets), T (topological spaces) and R−Mod.

Note
(1) If fβα is an isomorphism ∀α, β, then lim

−→
Mα

∼= Mα.(∵ fα : Mα → M is an

isomorphism.)
(2) If fβα is 0, ∀α, β, then lim

−→
Mα = 0.

5.Let φ : {Mα, fβα}J → {Nγ, gδγ}K be a morphism, i.e., ∃”φ” : J → K, an
order preserving map and ∀α ∈ J,∃φα :Mα → Nφ(α) such that

Mα

fβα //

φα ²²

Mβ

φβ²²

commutes

Nφ(α) gφ(β)φ(α)

// Nφ(β)

Then φ induces homφ = lim
−→
φα : lim

−→
Mα → lim

−→
Nγ given by φ{xα} = {φα(xα)}
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Well-definedness : xα ∼ xβ
?
⇒ φα(xα) ∼ φβ(xβ)

Put φα(xα) = yα′ , φβ(xβ) = yβ′ . Since xα ∼ xβ, there exists γ such that
fγβ(xβ) = fγα(xα)(:= xγ). By the commutativity of the above diagram,
φγ(xγ) = gγ′α′ (yα′ ) = gγ′β′ (yβ′ )(:= yγ′ ). Hence yα′ ∼ yβ′ . See the follow-
ing diagram.

xα

²²

// yα′

²²

xβ

~~}}
}}

// yβ′

}}{{
{{

xγ // yγ′

φ is a homomorphism :
φ({xα}+{yβ}) = φ{fγα(xα)+fγβ(yβ)} = {φγ(fγα(xα)+fγβ(yβ))} = {gγ′α′φα(xα)+
gγ′β′φβ(yβ)} = {φα(xα)}+ {φβ(yβ)} = φ{xα}+ φ{yβ}
φ(r{xα}) = φ{rxα} = {φα(rxα)} = {rφα(xα)} = r{φα(xα)} = rφ{xα}

Note Let K = J and ”φ” = id. Then the followings hold clearly.
(1) If each φα is 1-1, then φ is 1-1.
(2) If each φα is onto, then φ is onto.
(3) If each φα is 0, then φ is 0.

Note lim
−→

is a covariant functor from the category of direct systems of R-

modules to R-modules;

{Mα, fβα}J
φα //

²²

{Nγ, gδγ}K
ψγ //

²²

{Pλ, hµλ}L

²²

M
φ // N

ψ // P

Where φ{xα} = {φα(xα)} and ψγ{yγ} = {ψγ(yγ)}. Hence by defining (ψ ◦
φ)α = ψα′ ◦ φα, we easily check the second condition for functor.

6. (Cofinal Subset)

J : a directed set, J0 ⊂ J is cofinal in J if ∀α ∈ J, ∃α0 ∈ J0 s.t. α ≤ α0.
Let {Mα, fβα}J be a direct system.

Then i : J0 ↪→ J induces an isomorphism : lim
−→
J0

Mα

∼=
−→ lim

−→
J

Mα
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�������� 5.⇒ ∃ a homomorphism φ(= i∗) : lim
−→
J0

Mα =M0 → lim
−→
J

Mα =M.

φ is onto : ∀{xα} ∈M, ∃α0 ≥ α⇒ xα ∼ fα0α(xα) = xα0 ∈Mα0

⇒ φ{xα0}0 = {φα0(xα0)} = {xα0} = {xα}

φ is 1-1 : φ{xα0}0 = {φα0(xα0)} = {xα0} = 0
⇒ ∃β(≥ α0) s.t. fβα(xα0) = xβ = 0
⇒ ∃β0 ∈ J0 s.t. β0 ≥ β and xβ0 := fβ0β(xβ) = fβ0α0(xα0) = 0
⇒ {xα0}0 = {xβ0}0 = 0 in M0.

������ ������ �"! 1 Suppose ∃α0 ∈ J s.t. Mα
∼= Mα0 , ∀α ≥ α0 ⇒ lim

−→
Mα

∼= Mα0


�������� Let J0 = {α ∈ J | α ≥ α0}. Then J0 is cofinal and use 4. Note(i).

������ ������ �"! 2 If J has a maximal element α0, then {α0} is cofinal and lim
−→
Mα

∼=

Mα0.

7. (lim
−→

preserves direct sum.)

Given {Nα, gβα}J and {Pα, hβα}J with lim
−→
Nα = N and lim

−→
Pα = P,

{Nα⊕Pα, gβα⊕hβα}J is also a direct system with lim
−→

(Nα⊕Pα) = lim
−→
Nα⊕lim

−→
Pα.

Let Nα ⊕ Pα =Mα and gβα ⊕ hβα = fβα.

In fact, · · · // Nα ⊕ Pα
fβα//

gα⊕hα

++VVVVVVVVVVVV Nβ ⊕ Pβ //
gβ⊕hβ

&&MMM
MM

· · · // M = lim
−→

Mα

∃!φvv

{(xα, yα)})

4.ttiiiiiii

N ⊕ P gα ⊕ hα(xα, yα) (gα(xα), hα(yα)) ({xα}, {yα})

And φ is 1-1 and onto : clear.

8. (lim
−→

preserves s.e.s.)

Given 0 // Nα

φα //

²²

Mα

ψα //

²²

Pα //

²²

0, s.e.s. of direct system

0 // N
φ // M

ψ // P // 0 (over the same index set J) is exact.


�������� φ is 1-1, ψ is onto, ψ · φ = 0: clear from 5.

Suppose ψ{xα} = {ψα(xα)} = 0. Then hβαψα(xα) = ψβ(xβ) = 0, for some
β ≥ α ,where xβ = fβα(xα)
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⇒ ∃yβ ∈ Nβ s.t. φβ(yβ) = xβ = fβα(xα)
⇒ φ{yβ} = {φβ(yβ)} = {fβα(xα)} = {xα}

������ ������ �"! 3 (1) Homology functor (of chain complexes) commutes with lim
−→

.

(i.e.,lim
−→
α

H(Cα) = H(lim
−→
Cα), {Cα, fβα} a direct system of chain complexes.)

(2) J = {K ⊂ X | K is compact} (with ≤=⊂)⇒ lim
−→
J

H∗(K) = H∗(X)

(3)
⋃
n

Un: increasing union of open sets Un ⇒ H∗(
⋃
Un) = lim

−→
Un

H∗(Un)


�������� (1)
.
..

²²

.

..

²²
Cα :

fβα²²

· · · // Cαp
∂α//

fβα²²

Cαp−1
//

fβα²²

· · · ⇒ Hp(Cα)

fβα∗²²
Cβ :

²²

· · · // Cβp
∂β//

²²

C
β
p−1

//

²²

· · · ⇒ Hp(Cβ)

²²
..
.

²²

..

.

²²

..

.

²²

..

.
?²²

C : · · · // Cp
∂ // Cp−1 // · · · ⇒ Hp(C)

Cαp+1

0 // Zαp //

²²

Cαp
∂α //

²²

Bαp+1

⊂ 77ppppp
//

²²

0

lim
−→

Cαp+1

0 // lim
−→

Zαp // lim
−→

Cαp
∂ // lim
−→

Bαp+1 //

⊂ 88qqqq
0 : s.e.s.

⇒ Zp = ker∂ = lim
−→
Zα
p and Bp+1 = im∂ = lim

−→
Bα
p+1 (Note that lim

−→
inclusion

= inclusion from 5.)

Now 0 // Bα
p

//

²²

Zα
p

//

²²

Hα
p

//

²²

0

0 // Bp
// Zp // lim

−→
Hp // 0 ⇒ lim

−→
Hα
p = Hp
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(2)

· · · // Sp(K)
⊂ //

⊂

))SSSSSSSSSSSSSSS Sp(K
′) //

⊂

##GG
GG

GG
G

· · · // lim−→
K

Sp(K)

∃!hom.φzz

Sp(X)

φ is clearly 1-1 since each inclusion is 1-1 and onto since suppσ is compact.
Now apply (1).

(3) #%$'&)(*,+ $.-"/ .

9. (Iterated Limit)
Let {Mα, fβα}J be a direct system with lim

−→
J

Mα = M . Let I be a directed set

s.t. ∀i ∈ I, ∃ a directed set Ji ⊂ J with the property (*)

{
i ≤ j ⇒ Ji ⊂ Jj⋃

i∈I

Ji = J

}

Then lim
−→
i

lim
−→
Ji

Mα =M .


�������� Let Mi := lim
−→
Ji

Mα and show lim
−→
i

Mi =M.

..

.

²²
i, Ji :

≤,⊂²²

· · · // Mα
//

=²²

ÀÀ;
;;

;;
;;

;;
;;

;;
;;

;;
;;

Mβ
//

=²²

ºº0
00

00
00

00
00

00
00

0
· · · // Mi

∃!(5)²²

∃!

¥¥

j, Jj : · · · // Mα
//

""EE
EE

EE
EE

EE
EE

EE
E

Mβ
//

¾¾6
66

66
66

66
66

6
· · · // Mj

²²

∃!

¡¡

© .
.
.

²²

Show commutativity.oo

M
lim
−→
i

Mi
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commutativity : i : · · · // Mα
//

»»1
11

11
11

11
11

²²

Mi

²²

§§

j : · · · // Mα
//

!!CC
CC

Mj

}}

M
0 / 5 13246587:9�;=<?>A@CBD EFHGI JLKM N 1324PO)QRTSVUXWY Z $ commute [%\] Z $ .
→ + $ onto 0 /_^`Tab @CBD EFcGI JdKM N 1324feF commute [%\] Z $ .
Then ∃! a map : lim

−→
i

Mi → M which is clearly onto and 1-1.(Using the 2nd

condition of (*).)

Note. The condition (*) can be relaxed to the condition :{
i ≤ j ⇒ ∃φji : Ji → Jj, directed set morphism⋃

i∈I

Ji = J0, a cofinal subset of J

}
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