V. Poincare Duality
V.I Direct Limit

1.(Directed set)
A directed set is a partially ordered set {.J, <} such that Vo, 5 € J, 3y € J
such that a < v, 6 < 7.

Examples
(1) a totally ordered set
(2) a power set P(X) with C(or D)
(3) Let X be a space. J = {A]A is an open covering of X } and A < B if B is
a refinement of A
({ANB|A € A, B € B} is a common refinement of A4 and B)

For example, {a partition P onla, b} is a directed set.

(4) Let (X, zo) be a space with a base point. J = {()?, To;p) : a covering space of X}
with X; < X, if there exists a covering from X5 to X;. For Xi, Xy, € J, we

put X3 = {(x1,22) € X1 X Xa|p1x1 = pexa}, then X3 € J such that X; < X3

and X2 S X3.

2. Let J be a directed set. A direct system of R-modules and homs is an
indexed family of R-modules {M,}sc; and homs {fg : M, — Mgz, Va < (3}
such that

(1) foo = 1d. Y € J

(Q)fvﬂ o fﬁa = f’yaava/ < 5 <7v

Remark

1. In general, a direct system in a category C is defined in the same way :
M, is an object in C and f3, is a morphism : M, — Mgz

2. An inverse system is defined dually; g.5 : Mz — M,,Va < 3 with (1)
and (2).

3. A direct limit of a direct system {M,, fso} is M and {fo : My — M }oey
with the property that fzfs, = fo which is universal, i.e.,

VN together with {g, : M, — N} satisfying ¢3fs. = ga, there exists unique
g: M — N such that g, = go f,,Va.
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Notation M = limM,,

Remark Inverse limit is defined similarly by reversing the arrows.

4. Existence and uniqueness of direct limit
& Existence &
Let M = [[M,/ ~, where z, ~ x4 for x, € M,,x3 € Mg if and only if

fra(za) = fyg(xg)for somey > o, f, and f, : M, — M given by fu(z.) =
{2, }(: equivalence class of z,,)

Module structure on M : {z,}+{ys} = {fra(2a)+ f15(ys)} for some v > «, B.
Is it well-defined? It is clear by the following figure.

Similarly r{z,} := {rz.}.
fo 1 My — M is a homomorphism.(clear)

Universal property : Given N and g, : M, — N, need to show that there
exists unique homomorphism ¢ such that the following diagram commutes.

fa

M.,
ga\ p‘.ﬂl!g

Define g{zo} = gfa(ta) = gu(xa).



Well-definedness : z, ~ 23 = f1a(2a) = f18(28) = Gy fra(Ta) = g f15(z5) =
9a(Za) = gs(zs)

Clearly g is a homomorphism.

gisunique: ¢ fa(2a) = ga(Ta) = gfa(za) and Vo € M,z = f,(z4)for some o and z,

%A 22 Do the same for 7 op.

Another description for R-module case
Let M = @M,/N, where N =< i3f50(T0a) — ia(2a)|ta € My, Va < 8 >

67

(submodule) and i,, : M, — @M,

& Uniqueness #
Let M, N be direct limits of {M,, fsa}. Then

fa fog: M — M with (fog)f,=
M, —— M .
v fga:fozjfog:Zd-by
Nﬂg el the uniqueness of such homomor-
N phism.

Similarly g o f = id.

%7123
Let - — X; — Xy — ---.
Describe limX; in S(the category of sets), 7 (topological spaces) and R—Mod.

Note
(1) If fzo is an isomorphism Va, 3, then imM,, = M,.("" fo : My, — M is an

isomorphism.)
(2) If fao is 0, Vo, B, then limM, = 0.

5.Let ¢ : {M,, fsa}s — {Ny, g5y} be a morphism, ie., 3°¢” : J — K, an
order preserving map and Va € J, 3¢, : M, — Ng() such that

fpa
M, — "~ My commutes

¢a¢ Vs

Noto) goma Nots)

Then ¢ induces hom ¢ = lim¢, : imM, — limN,, given by ¢{z.} = {¢pa(z4)}
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Well-definedness : x, ~ 23 = ba(To) ~ dp(xp)

Put ¢o(ra) = Yy, ¢s(xs) = yg. Since z, ~ w5, there exists v such that
fre(xg) = fra(za)(:= z,). By the commutativity of the above diagram,
Oy(2y) = 9y War) = 95 (Wg)(:= yy). Hence y, ~ ygy. See the follow-
ing diagram.

To ———> Y,/

Zg Yg

e e

Ty —m > yy

¢ is a homomorphism :

d({zatHys}) = o fralwa)+F18(Yp)} = {07 (fra(za) +F18(y8))} = {9y 0 Palza)+
9,5 05(Ys) } = {ba(®a)} +{05(ys)} = ¢{wa} + ¢{ys}

p(r{za}) = d{raat = {dalrza)} = {r¢a(za)} = r{¢a(ra)} = ro{za}

Note Let K = J and "¢” = id. Then the followings hold clearly.
(1) If each ¢, is 1-1, then ¢ is 1-1.

(2) If each ¢, is onto, then ¢ is onto.

(3) If each ¢, is 0, then ¢ is 0.

Note lim is a covariant functor from the category of direct systems of R-

—

modules to R-modules;

{Mowfﬁa J @) {Nvagzh}K ﬁ {P)\;huA}L
{ | |

M ¢ L P

Where ¢p{zo} = {da(za)} and 5 {y,} = {4 (y,)}. Hence by defining (¢ o
®)a = Y, © dq, we easily check the second condition for functor.

6. (Cofinal Subset)

J: a directed set, Jy C J is cofinal in J if Voo € J, dag € Jy s.t. a < ap.
Let {M.,, fsa}s be a direct system.
Then i : Jy — J induces an isomorphism : lim M, =, lim M,

Jo J



3 5.= 3 a homomorphism ¢(= i,) : imM,, = My — limM,, = M.

Jo J
pisonto: V{x,} € M, Jag > a = x4 ~ foga(Ta) = Tay € Mo,

= (b{xao}o = {¢a0 (xao)} = {xao} = {Ia}
¢is 1-1: ¢{$a0}0 = {gbao(xao)} = {xao} =0
= 30(> ap) s.t. faa(Ta,) =25=0
= 3fo € Jo s.t. fop > 5 and Lpy = fﬁoﬁ(xﬁ) = fﬁoa0<xao) =0
= {xao}o = {Igo}g =01in M(]. 0

ubS A8 1 Suppose Jag € J s.t. My = M,,, Yo > oy = lin]\/[a > My,

5% Let Jy={a € J | a>ap}. Then Jy is cofinal and use 4. Note(i).

O

w5 A2l 2 If J has a maximal element ag, then {ag} is cofinal and liLnMa =
M,,.

7. (lim preserves direct sum.)

Give;{Na,gga}J and {P,, hge}s with imN, = N and limP, = P,

{N.®P,, gsaDBhsa } is also a direct syste?n with lim(Na@?a) = limN,®limP,.
Let N, ® P, = M, and ggo ® hga = f3a- - - -

fga .
In fact, <o+ > No @ Pa iNﬁ@Pg—>---—>M:h£>1Ma {(za,ya)}

9o Bhan 98PIp . /
\\ P ;

N&P  ga®ha(@a,ya) = (9a(@a), ha(ya)) = ({za}, {ya})

And ¢ is 1-1 and onto : clear.

8. (lim preserves s.e.s.)

Given 0— N, fe M, e P, — 0, s.e.s. of direct system
0—>N->M">p—>0 (over the same index set J) is exact.

249 ¢ is 1-1, v is onto, ¥ - ¢ = 0: clear from 5.

Suppose Y{x,} = {Ya(za)} = 0. Then hgato(zs) = ¥s(xz) = 0, for some
B > a ,where 25 = f3a(70)



= Jys € Np s.t. dp(ys) = 25 = fa(Ta)
= &{ys} = {9s(vp)} = {fsa(za)} = {70} 0

ut-5 Al 3 (1) Homology functor (of chain complexes) commutes with lim.
(i.e.,imH(C*) = H(UmC?*), {C%, fga} a direct system of chain complexes.)

(2) J={K C X | K is compact} (with <=C) = limH,(K) = H.(X)

J
(3) UU,: increasing union of open sets U, = H.(|JU,) = limH,(U,)

Un
=
Z3(1)
v o /
co - 905‘9-03719 = HP(CD‘)
\Lfﬂa \Lfﬁ?) Y fsa \l/fﬁa*
cB . ..._>C§_fc§71_>... = H,(CP)
v b b
i b %
I - Cp = Cp_1 > = H,(C)
Cpi1
7
- o Oa o
0— Z; Cp Bpi 0
: : : li_n)ng_H
: : : C
v v v o7
0 = lmZy o lmCy 2lmBy, o D s.es.

= Zp = kerd = limZ; and B,y = imd = limBy (Note that lim inclusion

= inclusion from 5.)

Now O_>Bg_>Z§—>H;_>O

I
0—>Bp—>Zp—>1£>an—>0 :IE}H}?:HP



¢ is clearly 1-1 since each inclusion is 1-1 and onto since suppo is compact.
Now apply (1).

(3) HFZEZFA]. 0

9. (Iterated Limit)
Let {M,, fsa}s be a direct system with limM, = M. Let I be a directed set

J
s.t. Vi € I, 3 a directed set J; C J with the property (*) U, =J
icl
Then limlimM, = M.
i g
Z%Let M, := limM, and show limM; = M.
Ji i

v

i, Ji ---éMaeMﬁ M;
y<ic S EREIO)

7,J5 ¢ s> My >\Mpg — M;

Sar
.O-<————— Show commutativity.

Ell v

lim M;
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commutativity :

o] 5RHA A W

—7} ontoo]| 22

Then 3! a map : limM; — M which is clearly onto and 1-1.(Using the 2nd

condition of (*).) 0

Note. The condition (*) can be relaxed to the condition :

< j=d¢j; : J; — J;, directed set morphism
UJi = Jo, a cofinal subset of J

i€l



