V.2 Poincaré Duality

Let M be a n-dimensional manifold (without boundary), R-orientable. (R :
PID, if M is non-orientable over Z, take R = 7Z/2.)
If M is compact, we will show the following isomorphism,

HY(M) 2 Hoy(M)
If M is not compact, the above duality as stated is not true. For instance,
M=R= H'(R)=0,H,R) =7
In this case, the correct duality is
HY(M) = H,_,(M)
where HZ(M) is cohomology with compact support.
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1. HI(X)

Let X be a space and J = {K“™* ¢ X} with K < K’ (if K C K’) be a
directed set.

Then {HY(X,X — K),igxg = 1" : H(X,X — K) — HYX, X — K') where
it (X, X —-K)— (X,X — K')} is a direct system.

Define
HI(X) = imH'(X, X — K)
K
Note. Since homology commutes with direct limit!, if we let
S2(X) = limS* (X, X — K),
K

>
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then H?(X) is ¢-th homology of S*(X).
Recall S9(X,X — K) is a collection of cochains in S9(X) which vanish on
S.(X — K.

2. [ X - Y7L FoA RS,
Note that f(X — K) €Y — f(K).
If f is proper, i.e. f~!(compact) =compact. Then VLcompact C Y

f:X—-fYL)—-Y—L.
So f induces
froHU(Y — L) — HY(X — f7(L)) — HI(X)
And f* induces

—

nf*n . Hg(y) — hqu(Y,Y — L) — Hg(X)
L

3. Let K be a compact subset of an R-orientable manifold M.
Recall H,(M,M — K) 2 TK (= R*, k =number of components of K.)
Let (i € 'K be a restriction of an orientation of M (as a section) on K.

(k: "fundamental class of H,(M, M — K)”

(If M is compact (x = i*((ar), Car: fundamental class of M)
Consider

(kN HY(M, M — K) — H,_ (M)

a — (xkNa
If K C K,
HY(M, M — K)
l CkN
y CK/ﬂ
HI(M,M — K') —=——— H,,_,(M)
. ap
HE(M)
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4. 2] [Poincaré duality] Let M be an R-orientable n-manifold. Then
D:HI(M)— H,_,(M)

is an isomorphism.
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Lemma 1. (MV) If theorem holds for open sets U, V and UNV, then theorem
holds for U U V.
S Let Keompact c [J [eompact ¢V B=UNV,Y=UUV.

U V

= — —_——

Consider cohomology MV-sequence for triple (Y,Y — K, Y — L):
HY,Y —=KUL)<H(Y,Y = K)® H(Y,Y =L)< H(Y,Y — KN L)
HU,U — K;G;X]C{mgj,v — L) H(B,BZH—eXIC(ISIFWnL)
and homology sequence for a pair (U, V)
HB)—=HU)® H(V)—=H(Y)

Lemma+ TH2-9] key diagram S 2 KB do] 2t}

Hq+1(B,B —KﬂL)ﬁHq(Y,Y— KUL)qu(U,U—K) @Hq(V,V— L)<—Hq(B,B — KﬂL)
CrnLN (3) Crurn (2) CrNBCLN (1) CrnLN

Hn—q—l(B) =

Hy,y(Y)

Hy,—g(U) @ Hp (V)

H,_,(B)

Claim. 9 diagramo A (1),(2) commuted}al (3)< up to sign©Z com-
mutedt}.



9 Claime %3} key diagramo]| direct limitS # sbd o234} Z2t}.2
HIN(B)<— HI(Y) <—— HI(U) ® HI(V) <—— HI(B)
NLD +O [D O NJDEBD O NJD
H, g 1(B)<H, (Y)<H,_(U)® H,_(V) < H,_,(B)

o] diagramol| 4] commute up to sign®]2}= 5-lemma+ o] A3 A HIEZE
Slemmad] o) 5o] A= AFE A=

w2hA Claim9h S 31H o}
V-part of (1) Commutes (U-part= H|=3}1A]):

HY(V,V — L) HYY,Y — KNL)

/ \ %ision
HI(V,V = KN L) —— HYB,B - KNL)
O(Want)

e
/ -
H,, (V) Hy—y(B)
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(R} ol HLE Hoof ¢ '6]-01, AWM E-L inclusion} cap product7]- com-
mutedt= /\]—/é of] &J3}o] commutedtt}.) WEFA] (1) commute$HT}.

U-part of (2) commutes (V-part= W}zF7}A]):

HY(Y,)Y —KUL) -H(Y,Y - K)
~__ eision
HY(U,U — K)
O(Want)
Hyy(Y) Hyy(Y)
\ /’
H,y(U)

WAAAE A BE ] BF commuteBE & 4 93 webA] (2)7} com-
mutedHT}.
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(3) commutes up to sign :
U= diagrams 2522 ¥11 4§, 0= A4 9= 2345 et # &
= (—1)99F Aol Fg AT 4 gl (Exercise)

0= S9Y,Y —KUL)<S4Y,Y — K)® S4(Y,Y — L)< 5%(Y,Y — KN L) 0
iu@iu (Z(cision
e SUU,U — K) @ S9(V,V — L) e SUB,B— KNL)
¢Naedn l(ﬂ
Sy (V) =2 g (U)® S (V) — 2 g (V) ~—— S, o (B)
O
Lemma 2.

Let {U;} be a system of open sets totally ordered by inclusion and let U = UU;.
If theorem is true for each U;, then true for U.

%% By theiterated limit argument proved earlier(tZ 9), HI(U) = limH4(Uj;)
and the corollary of 8(%&) implies H,_,(U) = limH,_,(U;). Then by using

the fact 5(¥&), we can easily check the lemma. See the following diagram.

Lemma 3.
Theorem holds for U C R"™.

R
Step 1 U is convex (so that U = R") :
Let B" = B(0,7), n-ball C R". Then



HY(R"R" — B) “2— H,_,(R")

|
ap

BV

HE(R™)
Show (gN : HYR™,R" — B) = H,,_,(R") : If ¢ # n, then both are 0 and if

q = n, then consider as follows.
Note that H"(R",R" — B) = Hom(H,(R",R* — B), R). Let  be a dual of
(p. Then H*(R",R" — B) =< ( >. Furthermore, ((3N¢,1) = ({5, (U1) =
(Cp,¢{) =1 = (pN is an isomorphism.
Combining the fact {B(0,r)|r € R} is cofinal in J = { K°P* C R"}, it is clear
D : HY(R") = imHY(R", R" — B) = H,_,(R").

B

Step 2 U is a finite union of convex open sets.
Induction on the number of convex open sets and apply lemma 2.

(L
\/

' (Uiz1 NU;) is a union of i convex sets and
holds by the induction hypothesis.

Step 3 U : arbitrary open set in R"™.

Let W = {B(z,r)|z € U with rational coordinate and B C U,r € Q} =
{Wy,Way,---} and let Uy = Wy,--- U, = Wiy U---UW,,--- and clearly
U= oleUn. Now apply lemma 2.

g
Proof of Thoerem
U = {U°" C M|Theorem holds forU} : partially ordered set with inclusion.
By lemma 2 and lemma 3, U satisfies the hypothesis of Zorn’s lemma. Then
there exists a maximal element U € U.

For any coordinate neighborhood V', theorem holds for V' and VNU by lemma
3. Then theorem holds for VU U by lemma 1 and V C U by maximality.
Hence U = M.



Consequences and applications

5. w5 (1) Let M™ be connected and R-orientable. Then H”(M) = R.
) By = Bn—gq 0B; = i — th Betti Number
T,= T, 41 T;=torsion part of H;(M,Z)
) Let M™ be closed and orientable. Then H,,_1(M,Z) is free abelian.
) Let M?+1 be closed (and orientable). Then x (M) = 0.
3
(1) H (M) = Ho(M) =R.
(2) Note that if M is compact, then H,(M) is finitely generated.
%A poincaré dualityol] & A HI(M) = H,_ (M) 4= <t} 2183l the
universal coefficient theoremol] 2] | A H?(M) = Hom(H,(M),Z) @ Ext(H,_1;Z).
o| Al Hom(H,(M),Z)E 37| LA} H, (M)l Hom-functors F stH H,(M)<]
free part@F 2l torsion part+= LA Th o] AL Vd(#£ 0)° A Z/d —

= 05l 7] Wi olth vt = H,_ (M)°l ExtE H8tH H,—1(M)9 free
part+ YOI A AL torsion partPo] F=th wEkA, §,., = 5,012 T,, =
Ext(H, 1(M),Z) =T, ;°] 4 B3t}
Remark If M is compact, H,(M) is finitely generated.(\1}%ol] 59)
(3) Clear from (2)

(4) x(M) = >_(=1)76, = 0

2) Let M™ be closed and orientable. =

=~ W

(
(
(

o]\

N =

O
6. Intersection pairing

Let M be a closed, connected and orientable manifold with R: P.I.D. and
fundamental class (.
Consider

I:H"(M)Q H(M) > H"(M) % Z(orR)
a®@br—aUb -

If a is a torsion element, i.e. ra = 0 for some r # 0,
O=raUb=r(aUb) =< (,aUb>=0.

Similarly for b.

Hence I induces "7 : H"=9(M)/T"1® HY(M)/T? = Z(orR).

This pairing is non-degenerate,i.e., I(Va,3) =0= =0 and I(a,V3) =0 =
a = 0.
213

Consider



H™(M) ® HY(M) % H"(M)" Z(orR)

Cm@id.\t% Cn¢%’ \L:

Hy(M) @ HU(M) "~ Ho(M) -3 Z(orR)
W

a®br——>= qUb! <(aUub>
! v =

((Na)®@b+ ((ha)Nbi= < ((Na)Nb1l>(=<{Na,b>)
— <> @

This induces
H"4(M)/TQ HYM)/T — Z(orR)

| I=
Hy(M)/T @ H(M)/T — Z(orR)

Let a = {a},B = {b},a € H" 9(M),b € HI(M) and b torsion free. And
suppose

0=I(Va,B) =< (,YaUb >=< (NVa,b >

Since, HY(M) = Hom(H,(M),Z) @ Ext(H,—1(M),Z)= Torsion free part
Torsion part, b=0 @b = b=1".
Hence 0 =< (NVa,b >=< (NVa,b >= b =0 = b =0, since (NVa represents
every elements in H,(M) by Poincaré duality and b € Hom(H,(M),Z). Hence
b=b =0and 8=0.

0
Remark
If we consider with a field coefficient R, Tor =0 and have a non-degenerate
pairing for a R-orientable manifold M,

I:H" Y (M;R)Q HY(M;R) — R
a®@b—<(,aUb>

Remark
If R =R, then I(a,b) = [,,a Ab.

E 48] Let M**2 be closed and orientable. Then
(1) dim H**1(M;R) = even.
(2) x(M;R) = even.



o|N

3

I: H*Y(M;R)Q H?**1(M;R) — R is non-degenerate and note that I(a, b) =
—I(b,a). Now (1) follows from the following fact :

Fact If [ is a skew-symmetric bilinear form (2-form), then there exists a basis
e = {ey, -+ ,e,} such that I can be represented as

()
L )

where I(e;, e;) = a;;.

Proof of fact

Choose x; € R™ such that I(z1,y) # 0 for some y. Let y; be such that
I(z1,y1) = 1. Consider 6 : R™ — R? given by 6(z) = (I(z,z;),I(z,y;). Then
O(z1) = (0,1) and 6(y;) = (—1,0). Clearly kerf = R"? and repeat this
process until I becomes trivial.

(2) follows from (1) immediately 0

Remark We will show later that x(M) = x(M;R).

7. (Cohomology ring of projective spaces)
M =CP"
Recall : H(Z,Y)= H,(X,A), Z=X ng Y

- Hq<CP”,CP"_1) o Hq(D2n,S2n_1) _ { Z if q=2n }

0 ,otherwise
Long exact sequence of pair (CP", CP"™1)
= HY(CP") 5 HY(CP"™ ') is = for ¢ < 2n — 2.
Consider CP? first : .
H*(CP?) — H*(CP)

let

<)7a77> <a>

[qaB=

Poincaré Duality :< a >= H?(CP?) == H,(CP?)

9



= (Na genererates Hy(CP?)
= +1 =<(Na,a >=<(,aUa >=<(,a’® >
= a? generates H*(CP?)

Similarly let M = CP3,

then H?(CP?) =< a > and H*(CP?) =2 HY(CP?) =< a®* >=Z
Poincaré Duality : H*(CP?) i H,(CP?)

= ( Na? generates Hy(CP?)

= +l=<(Na’a>=<(a’>

= a® is a generator of H°.

Inductively we can conclude as follows.

Ae]. H*(CP")is aring generated by a € H?(CP™) with "' = 0, i.e., trun-
cated polynomial ring( or algebra) generated by a of degree 2 with height n+1.

%A 24. Show the same thing for H*(HP",Z) and H*(RP™,Z/2).(n = co ¥4
< nja7hA)

8. wEA2 Suppose f: P* — P™ n>m. Then f; =0 for ¢ > 0.

9 f* . H*(P™) — H*(P") (Use Z/2-coefficient for RP") is a ring homo-
morphism, where H*(P™) =< ala™" =0 > and H*(P") =< b|p"™ =0 > .
= 0= f*(@") = (f*(a))™"

= f*(a)=1b=10

= f* = 0 except at 0-dimension. O

F742 P is not a retract of P" if n > m.
29 If P™ = P" with r-i = id, then ¢* - r* = id and r* is 1-1. Then this is a
contradiction.(". * = 0) 0
9. (Borsuk-Ulam)

(1) n > m > 0,3 anti-pode preserving map g s.t. g(—z) = —g(x), Vo € S™
2n >k, f:5">RF=3reS"st. f(z)=f(-2)

10



3 (1) : Suppose g is anti-pode preserving. =

S —> gm

}? T
7

Claim. f, :m(P") —» m(P™)is0: m=1: f.:Zy — Z : clear
m>1:f*=0(x#0)

7.)2 = m (P") I (P ——17)2
7)2 — H,(P") PPy ——17,/2

Since f* =0on H' = f, =0 on H; and hence on ;.

Elfz a lifting of f = ]7 p and g: two liftings of f - p

= fp=g. But f-p # gsince gis 1 to 1 while f-pis 2 to 1 on each fiber p~!(x).

(2) Suppose not. Then let g(z) = % and apply (1).

ul5 2] [Ham sandwich Theorem]

Let Ay, -+, A, be bounded measurable subsets of R". Then 3 a hyperplane

that bisects each of A;.

Zv Let N be the north pole of S* C R"*!. Then each € S™ determines a
unique hyperplane in R™*! passing through N and perpendicular to z. This
hyperplane divides S™ into two parts and consider the part containing x. The
image of this part under stereographic projection is a half space of R"™ and

denote it by H,.

Let f;(x) be the measure of A; N H,. Then note that f;(—x) is the measure of

A; N HE Now let f:8™ — R" be given by x +— (fi(x),---, fu(x)).
Apply Bolsuk-Ulam theorem to get = € S™ s.t. f(x) = f(—x).

10. ANR (Absolute Neighborhood Retract) and AR (Absolute Retract)

Xmormal js AR if

Jf:extension of f
>

VY normal 0

UT/

Bclosed

X

11



e.g. Tietz extension theorem=- I": AR.

Xmormal i ANR if

3f:extension of f

\V/Yno'r’mal ﬁ HUOpeTL e X

|

Bclosed
e.g. S": ANR. (Consider S® ¢ D"*': AR and let U = f~'(D —0))

Theorem A. Every paracompact manifold is an ANR.
Reference: 2 267} 17.6 for compact case.
2.7 of Munkres, Elementary Differential Topology.

Theorem B. Every paracompact n-manifold can be embedded in R***! as a
closed subset.

Reference: p.315 of Munkres, a first course Topology or also the above book
of Munkres.

wtE A2 M: a compact manifold = H,(M) is finitely generated.

Z9 Thm B. = M Cc RY

Thm A. = 3U a neighborhood of M in RY and 3 a retraction r : U — M.
Choose a finite simplicial complex K s.t. M C |K| C U so that r|: |K| — M
gives a retraction.

Know H, (| K|) is finitely generated (using simplicial homology or CW-homology)
and H,(M) % H,(|K|) & H.(M) and 7, - i, = id

= r, is onto. = H,(M) is finitely generated. 0
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