V1. Other duality
V1.1 Alexander duality

1.

A7l 1 Let (X, A) be a compact pair. Then there exists a long exact sequence
s HI(X = A) —= HI(X) —> F9(X) —2 HIV (X = A)— -

WA maps o] oJEA = =R Ao H AL

(1) i : U°P*® C X = Ja canonical homomorphism i : H{(U) — HI(X):

21919 compact set K C Ul tdte] o} diagram©] commutedt2 2 7}
induce® t}.

HYU,U - K) <20 H9(X, X - K)

B

C( ) 3!77?:77 ( )
(2) j
Ha (X) j*,j=inclusion Hq<V)
3!)7]'77 l
lim HY(V) := H(A)
VopanA
(3) 9:

K=X-V,U=X - A%} ¥4 t}L diagram= =t}

H(V) —> HUY(X,V) ZE8 gety(U,U — K)

Hq(A) e E]"’(S” e Hg—i-l(U)

o] W, 57} natural3t 22 7§” 7} induce® t}.
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HY(X, V) H™ (X, V)
- HYU,U — K) — HY(X) — H(V) — H(U,U - K) — ---
I D
- — HIX - A) > HYX) > HY(X) —= HIM"'(X —A) — -
lil)n—% exact functore] 22 $] diagram¥} Z+o] (X, V)2l cohomology long ex-
act sequenceZF-B] Q3+ exact sequenceds A+=T} 0

2. (Alexander duality) X = M™: R-orientable compact manifold, A°* C M.
Consider  fre(y) _can H,_,(V,V — A)

| \ %’lexcision

HY(A) —— H,_o(M,M — A)

3Da
where (4 € H,(V,V — A), restriction of orientation class (4 € H, (M, M — A).
Then
Da: HY(A) —== H, (M, M — A)  Yq

% tha diagramo]] 5-lemmaE A -§5HH S o] 2t
co = HY(U) —— HY(M) —— HY(A) —>> H(U) — -

DULN (1) DMLN (2) DAL?? (3) DULN
e Hyy(U) = Ho (M) = Ho (M, U) 2 H 4 (U) =

Uxs GAL uZ7 A2 M — A°)al Dy@}t Dy Poincaré duality maps ©)
t}.

w2hA (1), (2),(3)°] commutedttiE= A RE H ol H ). (1) cap product]
naturalityl] 2] 8} commutedtc}.

(2)= o} diagramoi] A]

HI(M)
DM\L% O lcm DAl

o

anq(M) - n—q(V,V—A) e anq(Ma U)



cap product®] naturality©l] &]3}o] Y& ALz o] commuted}al o] 2 Q] di-
rect limite] (2)°] 22 commute$+r}.

(3)2 up to sign© & commutedf+=H] T3 diagramol| A &3 4= it}

Hq"'l(M, V)
1) excision
/ g\x
HI(V) H Y (U, U — K)
I |
O ae(a) - HIU) Jexn
DAi/ DUi’
Hoo(V,V = A) 2 Hpy(M,U) . Hyq 1 (U)
o714 V = M — K o]t} chain level | A 9(CNa) = (—1)9(0¢ Na+(Nda) =
(—1)9(¢Nda)o]BZE up to sign & commuted& &21& 4= Ao} 0

3.(Taut embedding) When is H9(A) = HI(A)?
e.g. non-taut embedding

A={(sin 2} U{(Ly) |yl < 1)

AE R29] closed subseto] 31 th-2-o] Al g3t}

(1) number of path components of A =2
(2) number of connected components of A =1

(1)l 9 8te] HO(A) = Z?o|th. &} (2)91 A 49 open set U D Aol Tf
3to] AE U9 3 componento]] £aQlomg HO(A) = llr_)nHO(U) = Zo]|t}.
w2} A] A= taut embedding©] oY T}
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oletd H'(A) =7, H'(A) =09 &A% & ek

Let Adlosed — xmormal and suppose A is ANR. Then there exists U such that

A==y with ri = id.

= Hi(A) T: H(U) and x is onto.
> :
Ik - |
HI(A)

Furthermore, let X be a binormal ANR. (i.e. X X I is also normal.)

A c Uorer ¢ Xrormal — 3177 open such that AC U' c U’ C U.
Consider

~
=~ A - inclusion

“““ U’ 7

inclusion L . HF on N

~




,where N is an open neighborhood of =:C

FE 99 283} Zo] ColA UZR 7}= map Ll Z A 0-level o] A = inclusion &
2 l-levelol = r&2, Ax ] A= AR projection® & A3t} U/ x [=
normal space X x 19} closed subset©] =& normalo] 31l C&= U’ x 19 closed
subseto]Th. X7} ANRo]|2» & UXx ANRo|t} waba] NojA A H FO ex-
tension F7} &4 3t}

VPR 5 AS V x I C No| S22 o’ Fly e j: Vo Usti (V5
A%U,r = r|y AFe] ol homotopy & =t} WhehA] r*i* = j* o]t}

OJAl k7F1-19 & B oA}k k(x) = 00]2} 819, o E U]l thetq x = {x,}, 2, €
HI(U)o) 3, i*(z,) = 001}, WFekA] j*(z,) = r*i*(z,) = 0011 A= o =
{]*(Iu)} — Ool o oL /\ olq.

Note. The product of Paracompact space and compact Hausdorff is paracom-
pact.
(Munkres, p.259)

In particular k becomes an isomorphism for Aclosed; ANR

ifold X. (eg. A is a closed submanifold of X.)

in paracompact man-

Remark. The proof of 3 shows in particular that if 3V O A such that A is a
deformation retract of V' then A is taut.

4. If X is compact and H9(A) = H9(A), then we have

HIU,U - K) = Ho(X, X — k) Where X = K=V

|

S N A) = HI(X - A)

l/l{:% vﬂ'

) =~
. HY(A) —> HU(X, A) ;

HY(X) —— HY(A
\Lid:% ym
HY(X) —— H(A

Diagram commutes since all the maps involved are induced by inclusion and
d is natural. Then by 5 lemma, HI(X — A) = HY(X, A).

27 25. Show that HI(R") = H9(S", 00) = HI(S™).



5. Let M be a compact n-manifold, Aesed ANE = N[ Then

o

HI(M — A) HY(M, A)
(PD
e ? Liefschetz duality”: 22
Hn—q<M - A)

eg. HI(M,0M)=H,_,(M —0M) = H,,_,(M) (0M has a collar)

Remark. (K, L): compact pair in M, a compact manifold.
relative A.D. : HY(K,L) = H,_,(M — L,M — K)
In particular, if M = K, then H4(M, L) = H,_,(M — L).(%A] 26.)

Application of Alexander Duality

6. Acompect C R™ C "
= ()HY(A) = Hy, g1 (R" — A) )
(2)H(A) = H,_,_1(S™ — A), where Hi(A) = limH(V)

Z%(1) and (2) :

v

~

H9(A) =25 H, (", S" — Af"™2H, (R"R" — A) =~ [, , ,(R" — A)

l(*):"‘

Hyyor (S — A)

(*) : reduced long exact sequence of pair where g # 0

q = 0 case :

— H,(S" — A) — H,(S") — Ho(S", 5" — A) > H,_1(S" — A) — H,_,(S™)
(="0) (= R) (=0)

= H, ,(S" — A) = H,(5", 5" — A)/R.

Now note that H°(A)/R = ﬁO(A).

Then by A.D.,H,(S", 5" — A) = H(A) and H,_{(S" — A) = HO(A). .

7. ACR*CS", A:compact (n — 1)-manifold.
= the number of components of R™ — A= (the number of components of A)+1
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=9 HyR" — A:Z/2) = H Y (A;2/2) 2" Hy(A,Z/2) = (Z/2)F where k=
the number of components of A 0

8. A non-orientable closed M" can not be embedded in R™+!.

2w May assume M is connected.

M is non-orientable. _

= H,(M) = 0 = rk(H"(M;Z)) = 0 and hence H"(M;Z) = Hy(R"** —

A = a link with k components in R3
H.(R3 — A) = H,(R3- trivial link with k component)

W H, ,1(R— A) = HY(A) = H(trivial link)=H,,_, 1 (R*—trivial link
with & component). 0



