V1.2 Lefschetz Duality

Induced orientation on the boundary

1. Let M be an R-orientable manifold with boundary M # ¢
xr € OM,W a coordinate neighborhood of x = R"} = {z € R" |z, > 0}
O V a coordinate neighborhood of z = D% = {x € D" | z,, > 0}.

Want to extent the orientation on V' to 9V locally first in a compatible way
to obtain a global extension :

orientation € I’\o/ <—% H, (M, M — ‘O/)
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Want 20" rientation € rov) %g n-1(0M,0M — OV):
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Note that j{} is = since

orientation € FV H,(M,M -YV)
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j:NT excision:NT
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Hn (]Rna R"™ — leczszon (Rﬁ—’ RZL— - V)

and similarly T'(9V) «— H,_,(OM,0M — dV)

Jov

Consider the long exact sequence of the triple (M, M — V M — V') and note
that M — V is a strong deformation retract of M.

R
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0 == Hn(M,M — V)—>Hn(MM V)—8>Hn 1(M — VM-V — av) —=0
- excision: N/T\
Hpn_1(U,U — V)
2 VoWis a s.d.r. ofU
R=T(0V) <—— = Hn- 1(OM,0M — V) <—— - Hn— 1(OW, 0W — dV)

excision:
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Here U = (W — ‘O/) N"{z e R”|O <z, <1}
Note the construction of Jy : v — ['(0V) is compatible:



ie,let x € U C V, where v € M and U is a half ball neighborhood of x
contained in V', then

o
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o H=
Oy = ezcisiongnfl(M - V’ M- V)
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rv) — r Hy,_1(0M,0M — 8V)
want commutitivity
o
r:retraction of left face F(C} H’l’b*l(Mv M — U)
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° =]
Oy = ezcision:%ﬂn(M - U’ M- U)

NG Hy—1(8M, M — 8U)
= commutes(TF2 o] 5 commuted} 2 2 )

.. we have a well-defined map 0 : I'M — I'(OM)
.. M : R-orientable = OM : R-orientable.

2. Double of M

Consider the double of M, DM = M, [[OM x [0,1] ][] M2/ ~, where M,

My =M and © € OM; = = ~ (2,0) € OM x [0,1],x € OMy = x ~ (z,1) €
oM x [0, 1].

My oM x[0,1] My

Note If M is R-orientable, DM is R-orientable. (unique orientation compat-
ible with that of M)
Proof

U: ”coordinate neighborhood across the boundary” can be obtained as follow:
Givenxz € V C M,
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Hy(Ms, My =) == H,(DM, DM — &)
= (M, s) and (Ms, —s) can be spliced together to give an orientation of DM.

g
3. (Fundamental orientation class for 0M)

Let M(OM # () be compact, R-orientable. (i.e.,]\o/[ is R-orientable.)

o J o
H, (MM —-M) —=TM

& | excision
—¢€XCISIOH jo
M

Hn(DM’ DM — ]\OJ) rirestriction
z’%g @)

Here i, is an isomorphism since DM — M and DM — M are homotopically
equivalent to My, and j,; is isomorphism since M is compact.

Note that r is an isomorphism since an orientation on M can be extended
uniquely on DM.(by 2.)
Hence 7 is an isomorphism.



.. An orientation of ]\04 S € F]\O4 determines a unique class ¢ € H,(M,0M) via
J(2), so that (| = s(x) € Hy(M,M — x).

Now consider

00 =) 17
¢ € H,(M, (’)M)i/, i FM/ > dy
Ie]
9C = Conr € Hy1(OM) ! T(0M)

diagramol| A A3} ¢ o}el AL commutativity= AFH 3}, FHL] commu-
tativity= 18] W&o 2 £ 5 4 H3ot webA $HE commutedstrt. (r& 2
£PS ] A5 section®] uniqueness®l &3] & %] stc}.)

4. Lefschetz Duality
Let M be compact, R-orientable manifold with M # (). Consider

. —— HT"YM) —— H*YOM) > HY(M,0M) — HI(M) — ---
¢ny (1) =PDlac  (2) yen (3) Vén
e n*q+1(M> OM) 5 anq(aM) - anq(M) - anq(Mv OM) — ---

,where ¢ € H,(M,0M) is the fundamental orientation class.
(1) is commutative up to sign (—1)7~! : Note that we have the following on
the chain level.

d(¢Na)= (1)1 Na—-Nda). (%)
(2) 0CNa=¢Nda: (%) on the chain level =.
(3) Clear.

Show (n : HY(M) — H,_,(M,0M) is an isomorphism :

excision, cf.3

2 H, (DM, DM — M) = H, (M,0M)

4



and note ¢ € H,(M,0M) = TM is a restriction of Cvm € Hy(DM,DM — M)
and A.D. map is essentially (y/n.
Now 5-lemma = (n : HY(M,0M) — H,_,(M) is also an isomorphism.

Application

5. Let M be a compact manifold with OM.
(1) x(DM) = 2x(M) — x(9M).

(2) (M : R — orientable =)x(0M) = even.

Proof

V1

Use MV-sequence : "Ny N Ny — Ny @ Ny — DM”.
= X(N1) + x(N2) = x(N1 N N2) + x(DM) = (1)
(2) n: even = dim(OM) = odd = x(9IM) = 0.
n:odd = x(DM) =0= x(OM) = 2x(M).

g
Example RP?'(y=1), CP>(x =2n+1) and HP?"(x =2n+1) can not
be a boundary of some manifolds.

6. (Signature of M)

Let M* be R-orientable, closed (and connected).

Consider I : H**(M) @ H*(M) — R

= [ is a symmetric bilinear pairing.

Let R =R = I is a non-degenerated symmetric bilinear form.
Signature of M = o(M) := signature of I.

Linear Algebra

Let V™ be a vector space over R.

b: V@V — R, a symmetric bilinear form.

Choose e; € V such that b(eq,e1) # 0. (If not, b = 0). May assume b(eq,e1) =
+1.

Let €' : V — R, €' () = b(x, e1). Then €' is onto. = V; = kere! = (e;)".
Apply the same argument to V; to get ey with b(eq, es) = £1.



= b= bij = blei, e5)

0

sign b := { of positive eigenvalues of b — § of negative eigenvalues of b =r — s
and tk b =1+ s.

Witt index Let b be a non-degenerated symmetric bilinear form on V.

v(b) := Witt index of b = dim(maximal totally isotropic subspace U of V i.e.,
Ve e U= b(z,z) =0(bly =0)).

Then v(b) = £(n — [signb|) = £ of (1,-1) pairs in

-1
Proof Let U be a maximal totally isotropic subspace and {zy,--- ,z,} be a
basis for U.

Let oy : U — R be the dual of zq, i.e., ay(z1) = 1, 1(z;) = 0,7 > 2 and extend
a0V — Rtrivially (V = U@ U’ and a,(U") = 0)

b: non-degenerate = Jy; € V such that oy = b(,y;) so that b(xy,y1) =
1, b(zs,y1) = 0,7 > 2 and may assume b(y,y;) = 0.

(b(y1 + azxi,y1 + axy) = by, y1) + 2ab(zy,y1) + a®b(xy,x1) = bly,y1) +
2a and let a = —3b(y1, 1))

Let Hy, = span{zy,y; } and consider 0 : V' — R? given by 6 (v) = (b(v, z1),b(v, y1)).
Then 60;(x,) = (0,1), 61(y1) = (1,0) , so kerf; = Hi and {xq, -+ ,z,} C
ker 6.

Apply the same argument to x5 in Hi-, etc., finally toget V.= H, @ - - - @ H, @ W (orthogonal
direct sum) for some W.



Now W does not have an isotropic vector by the maximality of U.

= blw is definite and b[y, = ((1] _01) with respect to %, —x%yl} 0

Ae] 1 Let M** be compact and R-orientable. Then
(1) dim Ho(OM) = 2 dim(imj.) = 2dim(ker j.) = 2dim(im j*), where j, :
(2) o(OM) = 0.

Proof

Hopi1(M,0M) = H?(M) —= Hom(Hy,(M),R)
o} O Vi O Vi
Hy(OM) <o H* (M) — Hom(Hy, (M), R)
Vi
How(M)

dim Hy(OM) = dim H?**(OM)

dim(im j*) = dim (im 0) =dim (ker j,) and

dim(im j*) = dim(im J,) = dim(im j,)

codim Ho(OM) = dim(im j,) + dim (ker j,) = 2dim(im j.) = 2dim(im j*)
Now note I =0 on im j* C H?**(OM) since

I(5*a, j*b) = {Conr, 3"a U j"0) = {Conr, 5" (a U D)) = (juConr, a Ub) = (j.OC,a U b) =
0

Hence v(I) = idimH* = o(0M) = o(I) = 0.

Cobordism theory Reference

Milnor, ”Characteristic classes”

Stong, " Cobordism theory”



