VI1I.3 The Kiinneth formula for cohomology

16. (Kiinneth formula for cohomology)
(1) Algebraic Kiinneth formula
If C*(or D*) is free cochain complex over PID R, then there exists a natural
s.e.s
0— P H(C)® HY(D") - H'(C*®D*) —» EH H"(C")*H (D) -0
p+a=n p+g=n+1
{a}@{b} — {a@b}
which splits if both are free.
(This follows from algebraic Kiinneth formula since C* can be viewed as a chain

complex by letting C™ = C'_,, and homology of this is the cohomology of C*,
ie, H_,(C_,) = H"(C").)

(2) Note.

(i) C free # C* free in general.
(Hom(®A,, R) = [[Hom(A,, R))

(i) S*(X xY) = S(X)@SY)) 2S(X)*@S(Y)*

We get around these difficulties by finite approximation of C.

(iii) ¢ in C* ® D* is defined as before:
Oloropnr =0 @1+ (=1)"(1©9)

(3) ozgo/:C—>D, chain homotopic = a®1 Kol coAd—DoAfor

all chain complex A
(Exercise. Check this)

W CEAD=C AP andCo AL Do A

5) C(or D) : free and finite type, i.e., each C, is finitely generated. Then
(5) y p v g

C*@D*=(CD)*
a®fr—"ax 3, where a x f(c® d) = a(c)5(d)

2w Show for C, D : R-module first.
UD=R C*"QR =C*"@ R=C*=(C® R)".
If D is finitely generated and free, D = @R

finite



>CD"=C"(@BR=C(PR) =PC*"®oR =PH(C®R)*
=(@BCR*=(CE@PR)=(CxD)*

Show for chain complex :
(C* @ D), = @ (CP® D7) = EB (Op®Dq)*:( @ Cp@Dq)*
p+g=n p+g=n p+q=n

=(C@D))" =(CxD)"=((CaD)), N

Remark. (i) In general,

C*®D*— (CeD)*
a@br—axb

is a chain map and §(a x b) = da X b+ (—1)Pa x §b, a € CP.
Solaxb)(rey) = axbO(x®y))
= axb0r®y+ (—1)lr @ dy)
= a(92)b(y) + (=1)"a(2)b(dy)
= da(z)b(y) + (~1)a(x)db(y)
= (da x b+ (—1)"la x 6b)(x @ )
and (—1)*la x 6b(x ® y) is nonzero only when |z| = p.
Now

a® bt axb

.

da®@b+ (—1)Pa ® db—=da x b+ (—1)Pa x db

(i) a, B = cocycles = a x §y = £0(a x ) and similarly dy x 8 = £5(y x ).
Therefore the cohomology cross product
H*(C) ® H*(D) —~— H*(C ® D)
{a} @{b} =a® fr—sax f={axb}

is well-defined.

(6) (finite approximation) C : free over PID. H(C) : finite type.

= 3 C : free and finite type such that H(C) = H(C).
27 Consider the exact sequences



0 B A H(C)—=0
0 A C B 0. By=DBp1.

Since H(C) is of finite type, there exist finitely generated Z’ and B’ = kerp
such that

0 B 7' —~H(C)—0
Lo | o
0 B Z H(C) —=0

andlet C = 7' @ B and ¢ = (; 2) Then
0 EZ/>.U>.E’_>O
| o, 0]
0 Z C B 0

= ¢ : C — C is a chain map and ¢, : H(C) = H(C) from the construction.

(7) Let C(or D) be free over PID and H(C)(or H(D)) be of finite type.
= There exists a finite approximation C(or D) : free

= C (or D) : free

By (1),

0— P H'(C)®HY(D) - H'(C @D")—» @ H'(C)=HY(D)—0

p+g=n p+g=n+1

Since C and C has the same homology, C ~ C.!
Therefore by (4) and (5), algebraic Kiinneth formula for cohomology is

If C(or D) is free chain complex over PID R and H(C) (or H(D)) is of finite

type, then there exists a natural s.e.s

0—  H'(C)® HI(D") - H*((C®D))— & H'(C*)*H (D) -0
pg=n ptg=n+1

which splits if C and D are free and H(C) and H(D) are of finite type.

!see earlier theorem about mapping cone construction in the chapter of cohomology(IV.1)

or Munkres, Elements of algebraic topology, p.279, theorem 46.2



(8) Let C = S(X,A) and D = S(Y, B).
Then

S(X,A)®S(Y,B) ~ S(XxY)/S(XxBUAxY) = S((X,A)x (Y,B)).

rel. EZ

By (7), we have relative Kiinneth formula for cohomology over PID:

0— P H'(X,A) @ H(Y,B) > H'(X,A) x (Y,B)) = € H(X,A)«H)(Y,B) — 0

p+q=n p+g=n+1

natural if H(X, A)(or H(Y, B)) is of finite type, and splits if both are of finite
type.?

17. (Cross and Cup product)
(1) S(X xY) f - S(X) @ S(Y) any chain homotopy equivalence.

= GH(X xY) <o (S(X) ® S(Y))* ~"— §*(X) ® S*(Y)

axb<——r(a®b)="axb’<—a®b

Let
(={z}, v € Z,(X) a={a},ac Z"(X)

n=A{ylyeZ,Y) p={b}beZ5(Y).
Then (¢ 7,0 6) = (¢,0)(n,6).
o (Cxmaxp) = Eas;l{x@y},w{r(a@b)»

{z @y} {r(@xd)})
z®y,r(a®b))

(2) Take ¢ = A : AW-diagonal approximation

X< X xy By
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Then o x B = pja U p3 0.
In fact, this holds on chain level : a x b = pjia U pgb.
%% For any w € S, (X xY), let 0 = pjyw and 7 = pyw.

<(07 T)’a X b> = <<07 7_)7 ( (a’ X b))>
= (oo, 7),r(a xb))
=t Z oA, @ Tpr, (@ X b))

= S (amanh)

k+i=n
= (0)p,a)(Tpy,b) if a € SYX), be SUY)
(p1(0, T)Ap, @) (paz(0, ) pg, b)
= <( ) p7p1 ><(U T)pq7pﬁ2b>
((o,7), pla U pid)

(3) Let A : X — X x X be the diagonal map.
Then A*(a x b) = aUb. So that A*(a x 3) = aUf.
G
Af(axb) = A(pla Upgb)
= Aﬁptia U Aﬁp b
= aUb (A% = (mA)F = id)

—~

4) (U ) x (yUd) = (=) (a x 7) U (8 x 9)

%4

(@UB)x (yUd) = pi(aUpB)Ups(yUd)
= piaUpiBUpsyUpsé
= (=1)"Mpra U pyy UpiB U psé
= (=AM (ax y) U (B x )

(5) Slant product
c € (S(X)@S(Y))FH, x € 5(X).
Define ¢/x € S9(Y") by the formula

(y,c/z) = (x®@y,c)



thei]n d(c/x) = (=1)P(dc/z — ¢/Ox).

o (.0(c/a)) = (y,c/a)

(z ® 9y, c)

(=D)P{(0(z @ y),c) — (O ® y, )}
(=1)P{(y, oc/z) — (y,c/0x)}

This implies that we have a well-defined slant product on homology :

HPH (X x V) @ Hy(X) — HI(Y)
T®E = /¢

<A 33. D}—%% S g sket

(6) (€ xm) N (axF)

5) = (~1)E-D(E ) x (10 6)
(Use slant product and A.)

(7) {(ax B)U~}/e = (=)D BU (v/6Na)
(Use AMT as in 13. note.)



