
Further Examples.

3. RP n=Real Projective space.

RP n=Rn+1 � f0g= � , where x � �x, � 2 Rnf0g.

[x] =equivalence class of x = (x1; � � �; xn+1), denoted by [x1 : � � � : xn+1].

���� ����� �������� RP n�� ���	 coordinate chart��� 
�����	 ����� ���
�.

Ui = f[x1 : � � � : xn+1] 2 RP n
j xi 6= 0g and �i : Ui ! R

n by

�([x1 : � � � : xn+1]) = (x1
xi
; x2
xi
; ��; x̂i

xi
; ��;

xn+1

xi
) (����� ^��	 ���
���	 
����
�.)

�� �� Ui����� RP n��� cover���� ���� 
�� �i�� C
k- related�� ��������� ������.

i < j���� ����������,�i(Ui \ Uj) ��� �������� ����	 i	�� � 
������� ����!���

�j(Ui \ Uj)������	 ����!�!� ���"#$#%� 
������� ��� &' ���
�.

�i(Ui \ Uj) = f(a1; � � �; an) 2 R
n
j aj�1 6= 0g := V;

�j(Ui \ Uj) = f(a1; � � �; an) 2 R
n
j ai 6= 0g := W and

(�i Æ �
�1

j
)(a1; ��; an) = �i([a1 : � � 1 : �� : an]) = (a1

ai
; ��; âi

ai
; ��; 1

ai
; ��; an

ai
) : W ! V .

����(�iÆ�
�1

j
)��	 rational map��$#%� C

1 ���(�)��� C
! *�!�+,���
�. �j Æ�

�1

i
��

���	��+, -�����!����� .����� C
1-related �� ���
�.
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1���� Ui�� RP n���� open����, �i�� homeomorphism���+, ���(2 �	�
�. Ui��

RP n���� open������	 1������� quotient topology ��� ������	�� open������ ��� &'

����� �i�� homeomorphism������	���34,+�כ������&'���
�. RP n�� topology���

quotient topology��� 5#!� ����� 
�����	 ����� weak topology��� 1������� �����

���+, ������ ����	��� �����	
�.
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Note. In this example, the topology of RP n is given by the quotient topology

and also can be viewed as a weak(or coherent) topology as follows :

Let X =
[
�

X�, and X� be a topological space, 8�.

Assume

(1) 6,��	 �; ��� ���	 X� \ X��� topology��	 X��� subspace%� ��7� X���

subspace%� ��7� topology �� ���
�.

(2)X� \X� is open in X� and in X�, 8�; �.

Let T = fA � X j A \X� is open in X� ; 8�g, then T is a unique topology

of X, called weak(or coherent) topology, such that

(a) original topology of X�=subspace topology of X� in X with respect to T .

(b) X� is open in X.

�����2(optional)�� note�� 8������� ���������.

���� 
�9� RP n"#%� ��(����� set"#%����� RP n =
[
i

Ui ��
��� topology ���

���
�. �i�� homeomorphism�� �+,��� 
�� Ui��
��� R
n�	 ������ topology��� :;

��. /0<���� �� �� ����� (1),(2)��� ������������ ��� &' ����� .����� RP n�� 
�� Ui��

�� topology��� coherent��34 ����������	 weak topology���  �� &' ���34 �� 
��

Ui��	 RP n���� open ������ ��� &' ���
�.

4. C P n=Complex projective space.

�=3 ���� R ����� C��� 5#��� ���
�. ������ ��	���"#%� C P n � !9� n>���	 complex

analytic manifold�� ��� .����� ����	 2n>���	 real smooth manifold�� ���
�.

quaternion H�� ���	��+, -�����!���
�.(HP n��	 4n >���	�� ���
�.)

5. An open subset of a smooth manifold is a smooth manifold.

manifoldM�	 atlas F = f(U�; ��)g�����	 M���� open��� N�����
�������.

���� FN := f(U� \N; ��jU�\N)g��� N�� smooth structure������
�.�=������

Gl(n;R) = fA 2M(n;R) j detA 6= 0g ��� smooth structure��� ����� manifold%�

����	?@ �� �� Gl(n;R)��� R
n
2

=M(n;R)�� open subset"#%��� ����	 
���כ��.

6. A covering of a manifold is a manifold.

M��� manifold���� ���� ~M��� M�� covering������ A'��. /0<����, 
�� �"� x 2

M�� ���	 evenly cover���	 coordinate chart U�� !
�B	�	�
�. �� �� 
�� ex 2

p�1(x)�� ���	 U�� p�� ���	 homeomorphic �	� ��	�#� eU � p�1(U)��� �����
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� Æ pj
eU
%� smooth chart��� :;��� ���
�. �=��� ��� covering p : Sn ! RP n ��� $�%


�� �& &' ���
�. �� �� ����!���	 S
n!'"�� smooth structure�� ��# section���� ���

���("� smooth structure��� C��D�	 ����.(1���� �� #$���� ���
�.)

7. M;N are smooth manifolds) M �N is a smooth structure.

M�� atlas f(U�; ��)g�� N�� atlas f(V�;  �)g�� ���	 f(U� � V�; �� �  �)g��	

M � N�� atlas�� ���
�. (���$��"!"#%� f : X ! Y , g : X 0

! Y 0 �� ���	

f � g : X � Y ! X 0

� Y 0 ��� (f � g)(x; y) = (f(x); g(y))%� ������	�
�.) �����

������ ���	 ���EF (U� � V�; �� �  �)��� (�G	/0���HI)�� �����.
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����-�����!����#����"#%��������J,
�%�� chart (U�0 ; ��0); (V�0;  �0)�����
���

����������, (��� �)Æ(��0� �0)�1 ��� ��Æ�
�1

�0 � � Æ 
�1

�0 �	�����
��
���� C
1 ��

$#%��9! ��כ��� C
1 ��
�. product manifold Sn�S

m, S1�� � ��S
1 = T

n(torus)

&����� 6,A' smooth manifold�����
�.
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