Definitions.

Aol 1 Let¢p: M — N be aC® map.

(1)¢ is an immersion if d¢, is injective for Vp € M.

(2)(M, @) is a submanifold of N if ¢ is an injective immersion.

(8)¢ is an embedding if ¢ is an injective immersion which is also a topological
embedding.

(4) ¢ is a submersion if dg, is surjective for Vp € M.
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Local picture

HE2AL 1 f:U(CR™) = R*,C*® and has constant rank r on a neighborhood
of p € U. Then Ja rectangular coordinate charts x about p and y about f(p)
such that

n
N

(y o f o x_l)(ala T a’m) = (a'la T a’TaO: T '56)'

%™ May assume det(ng;) #0,4,7=1,-,r on U by rearranging coordinates
u; on R™ and R™ and by restricting U.

Define z : U — R™ by .T(U,) = (fl(u’)’ "’fT(u)’uT-Fla "aum)a then

(gf%)rxr * .
Dz = Uy : nonsingular
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mXxXm
By the inverse function theorem, x is a coordinate chart on a neighborhood
"U” of p. Let z(p) = (a,b) and V,,, V,,,_, as in the picture so that V, x V,,, , C
dom(z~1).
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(a.0) & (h(a, ;3) g))ﬂ(fl ~r(h(a,0),0),) = (a,b)

= fi,..r(h(a,b),b) = a (independent of b)
= (for 1)(@b) = (@, frar, a(h(a.b),5))
Consider
B I 0
D(foa™) =], (QWioz™T)
Ou; i=r+1,-,n and j=r+1,--,;m

rank D(foz ') =rank Df =r at Vp of U.

" (a(ﬁaoiuf,_l)) =0fori=r+1,-,nand j =7+1,--, m.(ie., % =0)
. fritom oz Ha,b) = foi1..n(h(a,b),b) = g(a) (i-e., independent of b) for
some C* function g.

Define coordinate chart y on V. x R*" by y(a,c) = (a,c — g(a)), then

(yo fox 1) (a,b) =yl(a,g(a)) = (a,0) and hence

(yo fox™H(ar, - ar,ry1, - m) = (a1, a,,0,--,0) on V. X Vi, 0

WEAE 2 ¢: M™ — N" 45 C*®, dé has constant rank r on neighborhood of
p € M. Then 3 rectangular coordinate charts x about p, y about f(p) such that

(y o ¢O x_l)(ala T am) = (a'la "aa'T,Oa 10)

S48 3 ¢: M™ — N™ , C™, is an immersion(m < n).
= Vp € M, 3 rectangular coordinate charts x about p, y about f(p) such that
(y o QS o xil)(ala Y am) = (ala 5 Om, Oa Y 0)
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uSA-8 4 ¢: M™ — N",C®, is a submersion (m > n) then Vp € M,
3 rectangular coordinate charts x about p, y about f(p) such that
(y © ¢ © xil)(a’la > Qp,y oy am) = (ala Y an)'

Remark. Hence an immersion is locally an inclusion and so embedding.(the
local topology is the same as that of a slice)

w5 A8 5 (1)i: M™ < N" is a submanifold
< Vp € M, 3 rectangular coordinate chart (U,z) about p such that z(p) = 0,
andV ={p € U | Zpp11(p) = - - - = 2,(p) = 0} is a neighborhood of p in M
and (z1]v, - - -, Tm|v) s a coordinate chart of M.

(2)i: M™ < N"™ is an embedding

< Vp € M,3 rectangular coordinate chart (U,x) about p such that x(p) = 0,
V=ApeU]|znulp) = --=x,(p) = 0} is a neighborhood of p in M ,
(x1]v, -+ Zm|v) is a coordinate chart of M and M NU =V .
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24 (1) = = W48 39 93 &= 5+ 9+ coordinate charts 3} local
inclusion map< ©]839 = 11, <+ 7} locally immersion ©] 2= AJA 2 H
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(2)9 =5 Holzxh (1)9 Y& BESHHA M NU =V & W=E3= U7}
A=< ol At} embeddingS immersion©] 7|1 st2 2 (1)9] W& T
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U7} &A31a1, o] tisl «(V)E A28l AL i+ embeddingo] 22
= (M)l A openo]th. metA (V) = i(M )ﬂU' ( U' is open in N) =
A, FE 7 b= U E U = UNU' 2 FH =) (rectangular
inateE Fo & W thA] "U” QoA § ZHL po] rectangular S %+
%D})

S Hol7] YAl i(open) = open in i(M) = M 4& Hold H
o (V) =V = MNU oA U7} N9 open sete]|B22 M N U+
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Remark. Corollary 3 shows the uniqueness of smooth structure on a subman-
ifold i.e., if a subset M C N has a topology, then there is at most one smooth
structure on M such that ¢ : M — N is a submanifold.

29 F MY F,F7bi: M < N £ submanifold2 == smooth struc-
tureﬂ-_l_ SFA}. 5 structure ©| Eﬁﬁﬁ i+= submanifold°] 2 2 tw}-5 A 2]52] (1)]]
w2t chart (U, ¢1), Vi, (Uz, ¢2), Vo B = o AT

(U, ¢1) € Fu, (Us, o) € Fo & wll Uy NULE A ZHal B A}

QA ¢, € F(N)O]EZ C>9] transition map ¢ 0 ¢y 0] EA] 3t} o] A
= ¢1(Vi)oll restrictionA] 7] o] 21 GA] C*olt}. ot &7t Fot=
& (V1) oA do(Va) Z 7= transition map ¢oly; © ¢1|‘_,11—8 Togoodloi & &
A5 7] wfFolth WA ¢y, daly, = CP-related= o] Q31 F = Frolth 4

WA 6 Let op: M — N be C*® , P is a submanifold of N and (M) C P.
If o : M — P 1is continuous, then @ is C*.
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N =R*M = (—1,1)°] a1 PE figure eight 22 B o] wl] j: M — N2 C®
ojuf M — PE 7}+= map2 T 5ot



