Examples.

1. f:R* >R
dutAo® f: M — Rl sl b= W&ol AT

f«(p) is surjective < f.(p) # 0= df, #0

o] 5 ©]&3}o] regular values 7,‘}2 T Atk 01]% S9] f(z) = |z = 22 +

-+ 2ol i df = Z?xld:r, Iz # (0,---,0) A= f.(p)7} ontoo]
t} webA 0 o] 9 HL B regular value 0] 53 M= f1(1)2 R 9]
submanifold 7} = t}.

2. f=det: M(n,R) - R C>.

M(n,R)+= R 02 B 2= 97 det o 3l 19 A2} 20| regular valueS Z*
2}

dfa(X) = Xaf =directional derivative of f at A in the direction of X.

A A AASE A3 curve o(t) = A+t X5 FAL 28 A

df4(X) = XAf Lo (foa) dt|0det(A+tX) = 4\ det(ar +ta1,, an+tTy)
AZNA ZF a2 AY, 5,52 X9 EHHEOTh (5 X = (v1,22, - -, Zn)).
dete) A e)o] wzk uRalE 9 e

df 4(X) = det(xy, az, -, a,) + det(al,xg, cyan) + -+ det(ag, <y an 1, T).

3] A=1 < 3% X (det) = &£|odet(I +tX) = 11 + Tog + - - - + T

Claim : 0 1s the only critical value of det.

dfa(X) = Xaf = L]odet(A+tX) = L|odet(I+tX A~ )det A = detA-tr(XA™Y).
98] = det(A4) # 02 Aol T3l dfa(X) # 0¥ S T_TF}UE tr(XA™1) #00] &
7 a}_xg 3row At} det(A) £0 oW A £0, Al £ 00] 3 whe}A 0o] o
A=) A4 a7k 2AR o) W) X = (5) 8 a5 = 1013 Lpr A= BT
0 FH2 W tr(XA ) = a5 # 05 TF 3T} Eq-F/]-/H 1 claime] /3 ¥}
B2 f1(k)(k # 0)= R” 4] submanifold7} 5 31 £3] f1(1)< special lin-
ear group Sl(n,R) = {A € M(n,R) | detA =1} 9] F/]-_Ti sttt A Si(n, R)=
Gl(n,R)4] submanifold1d Gl(n,R) XA 7} {A € M(n,R)| detA # 0}
2 238522 R Yo A open subseto] Fth webA Gl(n, R)2 R* 2] sub-
manifold (of dimn?)°] 3 Sl(n,R)+= Gl(n,R)2] submanifold(of dimn? —1)&
& 5 Atk
Remark A (aij) ©l A3 a;; € ai; 9 cofactor= FA. A= (aiz) ol cH3H
ATt = A 013 QoA dfa(X) = tr(X'A) =< A, X > 2 FA A} o] A}



“E#HduanﬂAﬂﬂi FH3d
Z . dac” =dfs = Za”dx” k=g

= awg d€t-z] Aoﬂ/ﬂ./] Z]‘:HKKH .E]T:ﬁ]- E.g_z[\_%]\q_
(Exercise. ©] 2= 2 A checkd] ¥ 2}.)

H A 7. O(n) ={A € M(n,R)|A"A = 1}.

Show O(n) is a submanifold of Gi(n,R) C M(n,R).
(Hint. f: Gl(n,R) — S(n,R) = {A[A = "}, f(A)=
Show I € S(n,R) is a regular value.)

4. Fundamental theorem of algebra.
Let p: C — C be a polynomial function of z with degree> 0. Then p is onto.
( hence 3 2y such that p(z9) = 0)

%0 %7 8.(0h2 stepSol whe s Heh)
(1) Show that p can be extended smoothly to S?(= C U {oo}).
p:S? = S oA coF o] EA A ©] & coR E U smoothd}A THE 4=
T} (co @ ol A coordinate chartE ©]-83}o] o] & K olg})
2) The number of zeroes of p is finite < deg p.(obvious)
3) p= manifold | 4] manifold & 7}+= smooth mapo| 2 & p, & A 7}
2 AAE pE O 2L A2 BEB,

p.(2)(v) = p'(z) - v (] 7] A tangent vector v& compliex number 2
Hoke )
(2),(3) &2 H ¥ critical pointe] 7|4+ finited = & 5 A3 WEbA critical
value 9 A| finiteo| T}, 28] 2 & regular value=2] 5 ¥ connected ©] T}
(4) 8 p~ ! (w) = constant for all regular value w € C. (Show it is locally constant
and note that the set of regular values is connected.)
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