
Topology of Manifold and Partition of Unity
�������� 1 Let M be a connected Hausdorff C∞-manifold, then the followings are
equivalent.
(1) M is paracompact.
(2) ∀U , an open covering of M , ∃ a partition of unity subordinate to U ,

i.e., ∃fα : M → [0, 1], C∞,∀α ∈ A, such that

a) {suppfα | α ∈ A} forms a locally finite closed refinement of U

b)
∑

α

fα ≡ 1

(3) M admits a Riemannian metric.
(4) M is metrizable.
(5) M has a compact exhaustion,

i.e., ∃ a sequence of open sets U1, U2, · · · such that

Ui is compact , Ui ⊂ Ui+1, ∀i and M =
∞⋃

i=1

Ui.

(6) M is σ-compact, i.e., M is a countable union of compact sets.
(7) M is a countable union of coordinate charts.
(8) M is 2nd countable.
�
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	�-���"!$#/.0�213546 798�:;=< �?>��A@CB�DFEGIHJ KML� �ONP @CBRQ�STVU � .
����XWY 1 A topological space X is paracompact if every open covering of X
has a locally finite refinement.
Z([\^]`_a �cbd&efhgi , V < � U jk refinement l � 46 7nmpoqsrt u V = {Vβ},U = {Uα} l �wvx y{z| L� �~}(� ,�(�G jk jk β !$#��{�w������� Vβ ⊂ Uα

< ���� 46 7 α < ���� u��
� Q�ST�U � 46 7 mpoq�� ��vx , ������� *
, open
covering jk refinement 46 7 refinement � �"�c�� *
,&�� ��� �"!$# open covering � ���� 46 79mpoq L� �� '� Q�STVU � . �3 Q�ST open covering � � locally finite ��� U � 46 7 mpoq�rt u �(�G jk jk �cbG !$#&�{�R���`����cbd� ¢¡£-Q�ST open neighborhood < �I�� u��
� ���`��� covering jk ¤¥ Q�ST @CB jk open set HJ K§¦¨ ©0ª«¬ ª« U � 46 7mpoq®� � U � .
����XWY 2 A Riemannian metric g is a C∞ tensor field of type (0,2) which is
symmetric and positive definite,

i.e., g(X,Y ) = g(Y,X), ∀X,Y ∈ X ,
g(X,X) ≥ 0,
g(X,X) = 0 iff X = 0.

����XWY 3 A topological space X is metrizable if there exists a metric d on the
set X where metric topology is the same as the topology of X.
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�������� WY ¯°²±´³�µ�
((1)⇒(2))
Step 1.(Shrinking lemma)
Given U = {Uα | α ∈ A}, an open cover, construct V = {Vα | α ∈ A}, locally
finite(possibly Vα = φ) such that Vα ⊂ Vα ⊂ Uα.¯°²±A³�µ� ∀p ∈M , ∃Op s.t. p ∈ Op ⊂ Op ⊂ Uα for some α.
M � � paracompact ���R¶fhgi , O = {Op} jk locally finite open refinement < �§�� u=�
�
���wvx � �·�� � N = {Nβ}β∈B l �wvx ���"¸�� . �� ¹ , º0»¼ º0»¼ jk Nβ

!$#/�{�R���`��� Nβ ⊂ Op
�� � ©0ª«�½ ¹ ��� 46 7 p < �§�� u��
� Q�ST�U � . ¾ � l � *
, , Nβ ⊂ Op ⊂ Op ⊂ Uα

�� � ©0ª« �½ ¹ ��� 46 7 α < �§�� u=�
� ���
vx α = ϕ(β) l �wvx ���`�c�� , ¿�ÀÁ+ÂÃ ϕ : B → A < � �
	� jkÅÄÆ Ç U � . ( ÈÉ ÊÌË�ÎÍ [\ L� � ©0ª« �½ ¹ ��� 46 7
α < �Ï���ÑÐCÒÓ@CBÔ�� u��
� ���`�c��OÕÖ ×Ø�Ù ���`.0�Ñ�� �ÛÚ"Ü�AÝ zÞ Q�STVU � .)� �{ßáà , º0»¼ º0»¼ jk α ∈ A !$#Ô�{�R���`��� Vα =

⋃
{Nβ | ϕ(β) = α} gi �
	� jk ���¢�c�� (possibly

Vα = φ), V = {Vα | α ∈ A} 46 7 U jk locally finite open refinement < � ÄÆ Ç U � . �3Q�ST , U ��â� ã jk Claim !$# jk ������� Vα =
⋃
Nβ =

⋃
Nβ ⊂

⋃
Op ⊂ Uα

< � ÊÌË�åä0æç ���è¶fégi
Vα ⊂ Vα ⊂ Uα

�� � ©0ª« �½ ¹ Q�STVU � .
Claim. 1) {Fi | i ∈ I}, a locally finite collection of closed sets⇒

⋃
Fi is closed.

2) N = {Nβ} locally finite ⇒ N = {Nβ}, locally finite.����´�
�� . easy exercise

Step 2.(special case)
Suppose U = {Uα | α ∈ A}, where Uα is compact ∀α. Then there exists a
partition of unity subordinate to U .¯°²±A³�µ� step 1 L� �9êÃìë Ü� �cbd âí � ���`��� V = {Vα | α ∈ A} îï W = {Wα | α ∈ A} �� ��ðCñò 46 7
U � . �� ¹ , º0»¼ º0»¼ jk α !$#Ó�{�w������� , Wα ⊂ Wα ⊂ Vα ⊂ Vα ⊂ Uα ⊂ Uα.

Claim (bump function) Ccompact ⊂ U open ⇒ ∃C∞-function f s.t. f(C) = 1 and
f(U c) = 0.¯°²±A³�µ� ∀p ∈ C, ∃fp : C∞ s.t. fp > 0 on a neighborhood Up ⊂ U and 0 on U c.
Choose a finite subcover {Up1

, · · · , Upn} of C. fpi
46 7 Upi

!$# *
, positive � �ó¶fégi ,
compact set C ÈÉ !$# *
, fp1

+ · · ·+ fpn > δ ô(õ�ÛöÌ÷£ ÂÃ δ �� �ùø 'ú L� � ÂÃ �(�û U � . ¿�ÀÁ+ÂÃ ϕ �� �

ϕ : C∞ and ϕ = {
1 if x ≥ δ

0 if x ≤ 0

l �wvx ���¢�c�� , f = ϕ ◦ (fp1
+ · · ·+ fpn)

< ��üý ���wvx ¸��X��� 46 7 ¿�ÀÁ+ÂÃ � � U � .
ÈÉ Claim !$# jk ������� gα(Wα) = 1 and gα(Vα

c) = 0 ô(õ� gα < ���� u��
� ���wvx , supp gα ⊂

Vα ⊂ Uα
� � U � . � � }(� , {Vα | α ∈ A} < � locally finite refinement � �ó¶fhgi ,

{supp gα | α ∈ A} þ3 locally finite refinement < �X�� vx , fα = gα∑
gα

gi êÃ �c�� a), b)
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ÿ3����� L� � ©0ª« �½ ¹ ��� 46 7 partition of unity < � ÄÆ Ç U � .
Step 3.
Cclosed ⊂ U open ⇒ ∃f :M → [0, 1], C∞ s.t. f(C) = 1 and f(U c) = 0.¯°²±A³�µ� M � � locally compact � �ó¶fégi �(�G jk jk p ∈ C !$# �{�R���`��� Vp

< � compact � � vx
Vp ⊂ U ô(õ� open neighborhood Vp

�� �ùø 'ú L� � ÂÃ �(�û U � .
�3 Q�ST , M −C jk open cover {Vβ | β ∈ B} �� � Vβ

< � compact � � vx Vβ ⊂M −C < �
�� þ3��� ¹ ���`.0� ø 'ú ef �c�� , {Vp, Vβ | p ∈ C, β ∈ B} 46 7 M jk open cover � ��vx Step 2 jk< � �
	� L� � ©0ª« �½ ¹I� ��� õ� U � . ¾ � l � *
, partition of unity {fp, fβ}p∈C,β∈B subordinate to
{Vp, Vβ} < ���� u��
� Q�ST�U � .
� �{ßáà , f =

∑

p∈C

fp gi êÃ �c�� , f(C) = 1 and f(U c) = 0 L� � ©0ª« �½ ¹ Q�STVU � .

Step 4.(general case)
Step 2 jk ������
��Î!$# *
, Claim �{�
	 õ� Step 3 �� ��� ��âí � ���`�c��� '� rt u���������ç efégi ����´�
�� ÄÆ Ç U � .
((2)⇒(3))
M L� � cover ��� 46 7 coordinate chart �� � U = {Uα}α∈A l �Rvx êÃ vx , º0»¼ º0»¼ jk Uα

!$# co-
ordinate vector field ∂

∂xi
< � orthonormal ��� þ3��� ¹ local Riemannian metric gα �� ��� ¸�� . �� ¹ ,

gα(
∂

∂xi

,
∂

∂xj

) = δij.

{fα}α∈A �� � partition of unity subordinate to U l �wvx ���wvx , p ∈M !$# *
, g �� �

g(X,Y ) =
∑

α∈A

fα(p)gα(X,Y ), X, Y ∈ TpM

gi �
	� jk ���`�c�� , g 46 7 M jk Riemannian metric � � ÄÆ Ç U � .� �·�� � �� � ô(õ� ��� ��� ÈÉ ������� , � Ü��� � g < � smooth, symmetric, bilinear < �"!#%$ rt u ¸�� �
��
��� U � . gα(X,X) ≥ 0 îï fα ≥ 0 !$# *
, g(X,X) ≥ 0

�(�G L� � %('� ÂÃ �(�û U � . �3 Q�ST ,
g(X,X) = 0 � � �c�� fα(p) > 0 ô(õ� α < �I�� u��
� ���R¶fhgi gα(X,X) = 0 < �A�� �CÒ X = 0 � �ÄÆ Ç U � . ¾ � l � *
, , g 46 7 Riemannian metric � � U � .
( &(') vx ) (3) jk ÊÌË� Í [\ L� � ©0ª« �½ ¹ ��� 46 7 manifold �� � Riemannian manifold l �Rvx *�,+t u U � .
((3)⇒(4))
Piecewise C1 curve σ jk -/.0 � ���� � U ��â� ã ¦¨ � '� � � �
	� jk ��� ¸�� .

l(σ) =

∫ b

a

∣∣dσ
dt

∣∣dt, where
∣∣dσ
dt

∣∣ =
√
g
(dσ
dt
,
dσ

dt

)
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� �{ßáà , M jk metric d �� � U �-â� ã ¦¨ � '� � � �
	� jk Q�STVU � .
d(x, y) := inf{l(σ) | all possible piecewise C1 curve σ from x to y}

� � }(� , d < � d(x, y) ≥ 0, d(x, y) = d(y, x), d(x, y) + d(y, z) ≥ d(x, z) �� � ©0ª« �½ ¹ ���
46 7mpoqsrt u ¸�� �
�� ���wvx , (4) �� � 1i � �(��� ÈÉ32 � *
, 46 7 d(x, y) = 0⇒ x = y îï d !$# jk ���`���
induce

ÄÆ Ç
topology < �54687:9 � topology îï � '� â� ã L� � 1i � �"�c�� ÄÆ Ç U � .

(a) locally, on a compact coordinate ball,
∃c, C > 0 s.t. c‖X‖ ≤ |X| ≤ C‖X‖, ∀X = a1

∂
∂x1

+ · · ·+ an
∂

∂xn
,

where |X| =
√
g(X,X) and ‖X‖ =

√
a2

1 + · · ·+ a2
n.¯°²±A³�µ� X jk orthonormal basis �� � {ei} l �wvx ���Rvx , ∂

∂xj
=

∑
aijei gi êÃ ¸�� . �3 Q�ST ,

G = (gij) where gij = g( ∂
∂xi

, ∂
∂xj

) l �wvx ���¢�c�� , G = AtA < � ÊÌË� ä0æç Q�ST�U � .
¾ � l � *
, ,

|X|2 = g(X,X) =
∑

i,j

gijaiaj = X tGX = X tAtAX = (AX)t(AX)

= ‖AX‖2 ≤ ‖A‖2‖X‖2 ≤ C‖X‖2 for some C
� � U � .
�3 Q�ST , | | ¦¨ ‖ ‖ jk ð<;d>=@?A L� �CB �EDý �c�� U � +t uGF½ ¹ jk *� �H �>I �d L� �ðCñò 46 7 U � .
(b)

�(�G jk jk compact ball !$# *
, (a) !$# jk ������� clE(σ) ≤ l(σ) ≤ ClE(σ) < � ÊÌË�åä0æç Q�STU � . (lE 46 7 Euclidean metric !$# jk Q�ST -/.0 � � )
¾ � l � *
, , �(�G jk jk x, y ∈M !$#��{�w������� c‖x−y‖ ≤ d(x, y) ≤ C‖x−y‖ < � ÊÌË�åä0æç ���Rvx ,� � *� �H �>I �d !$# jkJ2 � , d(x, y) = 0⇒ x = y îï d-topology=manifold topology

�(�G L� �
%('� ÂÃ �(�û U � .
((4)⇒(5))
∀p ∈M , let r(p) = 1

2
sup{r | Br(p) is compact.}.

M � � locally compact � �ó¶fhgi , r(p) > 0 � � vx , �CÒLKNM� p !$# �{�R���`��� r(p) = ∞ � � �c��
 ¢¡£PORQ�TS � (5) < � ÊÌË�åä0æç ���è¶fégi , 0 < r(p) <∞ l �Rvx ���"¸�� .
Claim 1. r : M → R is continuous.¯°²±A³�µ� Br(x1) ⊂ Br+d(x2), d = d(x1, x2) (by triangular inequality), ∀r

⇒ Br−d(x1) ⊂ Br(x2), ∀r
⇒ r(x1) ≥ r(x2)−

1
2
d

x1
¦¨ x2 jk ð<;d>=@?A L� � B �UDý �c�� , r(x2) ≥ r(x1) −

1
2
d. ¾ � l � *
, , |r(x1) − r(x2)| ≤

1
2
d(x1, x2) �� � ðCñò vx , r � �VORQ�XWY Z �(�G L� �\[ ª« U � .

Claim 2. A ⊂M , A compact ⇒ Ã =
⋃

a∈A

Br(a)(a) is compact.
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¯°²±A³�µ� {zi}∞i=1
�� � Ã jk �(�G jk jk sequence l �wvx ���"¸�� .

º0»¼ º0»¼ jk zi !$# �{�R���`��� zi ∈ Br(yi)(yi) ô(õ� yi ∈ A < � �� u=�
� ���Rvx , {yi}
∞

i=1
46 7 A jk se-

quence � ��vx , A < � compact set � �ó¶fégi , A !$# *
, ÂÃ^]`_G ��� 46 7 subsequence �� � � 'a 46 7
U � . � � subsequence �� � {yj}, yj → y l �Rvx ���wvx , � � !$# �{�´â��� �� 46 7 {zi} jk subse-
quence �� � {zj}

∞

j=1 l �wvx ���"¸�� .( b �dc �d zj jk ÂÃe]`_G ÊÌË� rt u ������
������?>��´%('f ö »g U � .)
B := B 3

2
r(y)(y) l �Rvx �
	� jk ���`�c�� , r � �hORQ�XWY Z � �ó¶fhgi , iØ�Ùkjl u S �Pm6 7 j !$#+�{�w������� Br(yj)(yj) ⊂

B < � ÊÌË� ä0æç Q�STVU � .� �{ßáà , zj ∈ Br(yj)(yj) ⊂ B ô(õ� zj �� �9Ú"Ü�AÝ zÞ ���¢�c�� , � � 46 7 B !$# WY Z ��� 46 7 {zj} jk subse-

quence � ��vx , B < � compact � �ó¶fégi , B !$# *
, ÂÃ^]`_G ��� 46 7 subsequence L� � � 'a 46 7 U � . � �
subsequence �� � {zk}, zk → z l �Rvx ��� ¸�� .� �{ßáà 0 < ε < 1

2
!$# �{�R���`��� Bε := B(1+ε)r(y)(y) l �wvx �
	� jk ���`�c�� , n �(o _a < �?>�� gi

{zk} 46 7 Bε
!$# *
, ÂÃ^]`_G ��� 46 7 subsequence �� � � 'a vx , ¾ � l � *
, z ∈ Bε

� � U � .m�p\kqr s z ∈
⋂

0<ε< 1

2

Bε = Br(y)(y) ⊂ Ã � ��vx , ¾ � l � *
, Ã 46 7 compact set � � U � .
(M � � metrizable � �ó¶fégi sequentially compact îï compact < � �� �Tt � � � U � .)
� �{ßáà , A1 = {x0}, An+1 = Ãn

� � l �Rvx ���Rvx , M =
∞⋃

n=1

An

�(�G L� �9����´�
�� ���"¸�� .

A =
∞⋃

n=1

An is open in M :

Let Un+1 :=
⋃

a∈An

Br(a)(a). Then Un is open and An ⊂ Un+1 ⊂ An+1.

∴ A =
⋃
Un : open.

A =
∞⋃

n=1

An is closed in M :

x ∈ A⇒ ∃y ∈ A s.t. d(x, y) < 2
3
r(x)

r(y) ≥ r(x)− 1
2
d(x, y) > r(x)− 1

3
r(x) = 2

3
r(x) > d(x, y)

So, y ∈ An ⇒ x ∈ Br(y)(y)⇒ x ∈ Ãn = An+1 ⊂ A

∴ A : closed.

¾ � l � *
, , A =M � ��vx , m�p\kqr s An
� � M jk compact exhaustion � � ÄÆ Ç U � .

((5)⇒(1))

M =
⋃
Gi, Gi

compact
⊂ Gi+1

open l � êÃ ¸�� .
Let U = {Uα} be an open cover of M .
For each i, Gi+1 −Gi : compact
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⇒ ∃ a finite subcover U
(i)
α1
, · · · , U (i)

αk

⇒ V
(i)
αj = U

(i)
αj ∩ (Gi+2 −Gi−1) : cover of Gi+1 −Gi

Then V , the collection of all such V
(i)
αj , is a locally finite open refinement of U .

((5)⇒(6)) Clear.

((6)⇒(5))

M =
∞⋃

i=1

Ki, where Ki is compact.

M : locally compact Hausdorff space
⇒ K1 has a neighborhood U1 with compact U1.
⇒ Ui

⋃
K2 has a neighborhood U2 with compact U2.

...

∴ M =
∞⋃

i=1

Ui with Ui ⊂ Ui+1.

((6)⇒(7))

M =
∞⋃

i=1

Ki, where Ki is compact.

º0»¼ º0»¼ jk Kn
rt u ¤¥ Q�ST @CB jk coordinate ball gi uwvx L� � ÂÃ �(�û vx , ¾ � l � *
, M y�z��{w| �� �

countable coordinate ball gi uwvx L� � ÂÃ �(�û U � .
((7)⇒(8))
º0»¼ º0»¼ jk coordinate ball � � 2nd countable � ��vx ,M rt u coordinate ball jk countable
union � �ó¶fhgi 2nd countable � � U � .
((8)⇒(6))
∀p ∈M , take a coordinate neighborhood Up with compact Up.
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∃Vp : basic open set s.t. p ∈ Vp ⊂ Up ⇒ Vp ⊂ Up, and hence Vp is compact
Then, M =

⋃
Vp and {Vp} is countably many.

}
~L�° � �������� 2 LetM be a (not necessarily connected) Hausdorff C∞-manifold,
then the followings are equivalent.
(1) M is paracompact.
(2) ∀U an open covering of M , ∃ a partition of unity subordinate to U .
(3) M admits a Riemannian metric.
(4) M is metrizable.
(5) Each component of M has a compact exhaustion.
(6) Each component of M is σ-compact.
(7) Each component of M is a countable union of coordinate charts.
(8) Each component of M is 2nd countable.
¯°²±A³�µ�
(1)⇔Each component of M is paracompact.(Clear by definition, M � � locally
connected � ��¶fhgi º0»¼ component 46 7 open � � U � .)
(2)⇔Each component has property (2) (trivial)
(3)⇔Each component has property (3) (trivial)
(4)⇔Each component has property (4) :
(⇒) clear

(⇐) M jk º0»¼ component �� � (Mi, di) l �Rvx ���Rvx , � B gi\�l u metric d̃i =
di

1+di
�� � �
	�

jk ���`�c�� , d̃i
46 7 di îï � '� rt u topology �� � �� vx , d̃i(x, y) < 1 � � U � .� �{ßáà , M jk metric d �� �

d(x, y) = {
d̃i(x, y), if x, y are in the same component Mi

1 , otherwise

gi �
	� jk ���`�c�� , d 46 7 manifold topology îï � '� rt u topology �� �\�l u U � .
º0»¼ component !$# *
, 46 7 (1) (8) � � �� ��t � �(�G L� � %('� vx �(�û ef ¶fhgi ����´�
����� � .
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