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A detailed analysis of the constant quantum Yang-Baxter equation
Rﬁ:;:RQﬁ?SRzis = RE‘:R?:,?SRQII}& in two dimensions is presented, leading to an
exhaustive list of its solutions. The set of 64 equations for 16 unknowns was first
reduced by hand to several subcases which were then solved by computer using
the Grobner-basis methods. Each solution was then transformed into a canonical
form (based on the various trace matrices of R) for final elimination of dupli-
cates and subcases. If we use homogeneous parametrization the solutions can be
combined into 23 distinct cases, modulo the well-known C, P, and T reflections,
and rotations and scalings R=k(Q® Q)R(@2 ()~ 1

1. INTRODUCTION
The constant quantum Yang-Baxter equation

ki, phiks phly _szkst113 hi 1
Jriy kyJyT kaky Jady T JiksT Rk (1

(summation over repeated indices) has recently been the subject of active discussions. It is
related, e.g., to integrable systems, where it appears in a form with a spectral parameter,
REP(@IRYS (u+0)RES (0) =R IR (u+0)REG (w). (1)
This equation first arose in the study of solvable vertex models in statistical mechanics' and has
thereafter been found to be the key equation, eg., in the quantization of integrable nonlinear
evolution equations.? The constant form (1) is also important for quantum groups,® knot
theory,4 etc. (for a review, see Ref. §); it is also obtained from Eq. (1) in the limit u=v=0
OF U=V=4 c0.

In many applications one needs solutions of Eq. (1). Depending on the origin of the
problem one may also impose auxiliary conditions (like unitarity) on R. These extra conditions
are often restrictive enough to allow one to find all (or families of) solutions. For example, the
8-vertex ansatz was used in Refs. 6 and 7. (For a survey of the solutions found up to 1980, see
Ref. 8.) There are also beautiful results about solutions of Eq. (1) in arbitrary dimensions
derived using Lie-algebra techniques.’

In this article we show how we found all solutions of Eq. (1) when the dimension (=the
range of indices) is two. The results were first announced in Ref. 10.

1l. INVARIANCES

In Eq. (1) the indices range in general from 1 to N=dimension of the system. This means
that there are N°® equations for N* unknowns, thus Eq. (1) is a highly overdetermined system
of nonlinear equations. Even in the simplest nontrivial case of N=2 we get 64 cubic equations
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1726 Jarmo Hietarinta: Solving the 2-D constant quantum Yang-Baxter equation

for 16 unknowns. This is so complicated that we must use all possible methods to simplify both
the solution process and the presentation of results. Of special interest here are the symmetries
of the set equations.

It is well-known that the set of Egs. (1) is invariant under the following continuously
parametrized transformations:

R-k(Qe Q)R(QeQ)™), (2)

where Q is a nonsingular N X /N matrix and « a nonzero number. In the following we will often
use for Q the parametrization:

A 0\/1 O\/1 B ,
Q(A’B’C)=(o l/A)(C 1)(0 1)' (29

(This contains all Q matrices with Q;,5<0, but this omission can be taken care of with the
reflections below.)
Equations (1) are also invariant under the following index changes:

RE-RY, (3a)
Rkl Rk+n,l+n (indi

i~ R i in (indices mod N), (3b)
RY_ Rk (3¢)

In two dimensions we collect the elements Rf‘j’ into a 4 X4 matrix as follows:

RYRERE R o b oo
Ry Ry R} RE| |f g h j

=lry R2 B2 RZ|Tlk 1 om a) )
Ry Ry R RY \pog u v

where we have also introduced a labeling of the matrix elements in order to avoid repeated
writing of quadruple indices. In terms of this matrix (3a) corresponds to a reflection across the
diagonal (=the usual transposition), (3b) with n=1 and followed by (3a) to a reflection
across the secondary diagonal, and (3c) to a reflection among the two central rows and among
the two central columns. These are also called P, C, and T reflections, respectively. Index
change (3b) can also be obtained from (2) with Q = (%).

An important subcase of (2) is related to scaling. Firstly, there is the overall scaling with
k, secondly there is the scaling obtained by a diagonal Q. In the latter the various elements of
R in Eq. (4) have the following scaling weights:

0 1 1 2
) ) -1 0 0 1

the scaling weights of R= 1 0 0o 1 (5
-2 -1 —-1 0

Thus, if we have two nonzero elements of R with different weights we could, using the above
two scalings, scale both of them to one.
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Using the above symmetries we can transform the R matrix into a more suitable form for
solving or for presenting the results. It turns out that the best methods for these two purposes
are different.

ill. FINDING THE SOLUTIONS

The problem of solving the 64 equations in 16 variables is just too complicated to do with
a brute force approach. That would also introduce unnecessary repeats: The solution space is
invariant under the group of transformations discussed above and it is sufficient to keep only
one representative of each orbit. For these reasons we used the symmetries to divide the
problem into several smaller ones, until each subproblem was manageable and the continuous
freedom was fixed. At this point a small overlap among the subproblems was acceptable. In
Sec. IIT A we describe the division into six major cases, the final breakdown and solutions are
given in Sec. III B.

In the following we often refer to specific equations of Eq. (1), we use the notation

o kiky pliks phls Kok pkily plily "
E13+212+411+813+16/2+3211—62—lej2Rk1j3Rk2k3 Ry R e Rk, a”

The 64 equations are displayed in Appendix A.

A. The major divisions

In the process of eliminating the continuous invariance from the equations we tried at the
same time to bring them into a form where a solution would be easier to find. The procedure
we adopted is as follows:

(i) First we observed that the corner elements d and p appeared most frequently in the
equations. It seemed therefore to be advantageous to fix the rotational degree of freedom B in
Eq. (2') so that d=0. If d=0 to begin with we take B=0, if d-40, p=0 we take the P reflection
of R and B=0. If p5~£0 then the B part of transformation Q yields

dpew=Bp+ B (f+k—qg—u)+ B*(a—g—h—I—m+v)+ B(—b—c+j+n)+d. (6)

Since p0 we can always find a B so that d ., =0. There may be many solutions but we just
need one. From now on we may assume that d=0 and to keep it that way we consider only
transformations with B=0 in Eq. (2').

(ii) With d=0 we find

Ejy:=—(bc{(f—k)+jn(g—u))=0. 7

This would factorize into subcases if f—k=0 or g—u=0. If f=k already there is nothing to
do, if f5=k but g=u use C reflection to put f=k, and in both cases take C=0 in Eq. (2*). If
both f5~k and g4u we have after transforming with the C part in Eq. (2')

(f=E)pew:=C*(j—n) +C(—g—h+I+m) + f—k=0,

(g—u) e =CHb—c)+C(g—h+1—m) +q—u=0.

Now we can obtain the desired result by solving for C in one of the above equations (and by
using C reflection if necessary), except if j=n, b=c, h=1, g=m, 7%k, q5~u. This special case
will be discussed last as Case C. In the generic case we can therefore transform the R matrix
into the form
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a b ¢ O
k g h j
= . 8
Rklmn (8)
qg u v

(iii) When we use f=k in Eq. (7) the problem can be divided into two big cases, A: g=u
and B: n=0, g5%u. (The case j=0 can be T reflected into n=0.)

1. Case A
The matrix is

a b ¢ O
k g h |
R= kI m n| ©®)
p u u v
Now Es, factorizes as
—p(k+u)(g—m)=0, (10)

and we get the subcases Al: k= —u and A2: g=m, k+u=5~0. The third possibility p=0 yields
Esg+ Eg; = —2u*(g—m) and Eys+ Eyg= —2k*(g—m), and therefore leads again to Al or A2.

2. Case B

The matrix is

& X 8

) (1)

D o~ e O
® I > o
o O N ©

with gs~u. Now from equations Ejg ;4.4 3, We find that either B1: j=0, B2: j5£0, ¢=0, m=0
or B3: j5£0, b=0, /=0 and ¢5£0 or m=~0.

3. Case C
This is the special case

XN O

) (12)

S A
R o~ X o

¢
]
m
u v

with f5£k, g7=u. Note that we may also assume p5=0, since otherwise we may reflect R to one
of the forms discussed above.

B. Final splitting into subcases and their solutions

Next we must analyze the previously obtained six major cases in detail. During this
process, which is described in detail in Appendix B, we will also fix the remaining scaling
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freedoms x and A4 in Egs. (2) and (2’). This divides the problem into further subcases, which
are easier to handle. However, even the subsubcases turned out to be too hard to solve by hand,
so we used computer algebra.

The best way to analyze sets of polynomial equations is by using the Grobner basis-
approach.'! A set of equations naturally defines a polynomial ideal and then one can ask for the
basis of this ideal. This can be found algorithmically and the Buchberger algorithm has been
implemented in computer algebra systems. Here we are only interested in the solutions of the
original set of equations rather than the ideal itself. This means in practice that it is preferable
to try to factorize the equations in the process of constructing the basis, and whenever factor-
ization takes place the search should be split into independent simpler branches. In this work
we used the “groebner” package written by Melenk, Méller and Neun'? for the REDUCE 3.4
computer algebra system.'

Thus for each of the subsubcases derived in Appendix B we computed the factorized
Grobner basis using the “groebner” program.'? The solutions that were obtained are given in
Appendix B in terms of the corresponding Grébner bases: ¢; gives the input assignment defining
the subcase (each element in the list must vanish). If some element is required not to vanish it
is given in the list n; (which is written out only if it is nonempty). b, gives the factorized
Grobner basis with the assignment ¢; In most cases we used default variable ordering, in some
cases it was necessary to impose a specific ordering to get the simplest results. In one difficult
case we used LET assignments obtained by inspection, before computing the Grobner bases. The
raw output often contained repeats and subcases, which were eliminated with another program.

The output contains 96 solutions, but many of these are related with the allowed rotations
and reflections. For further analysis we solved for the matrix elements of R (using “groe-
solve”'?) and saved the results into a vector form; each of these solutions were then trans-
formed into a canonical form discussed in the next section.

IV. THE CANONICAL FORM FOR R

In order to eliminate duplicate solutions from the output given in Appendix B we have to
transform them into a canonical form in which they can be compared.

The R matrix has four indices so to get a simpler view of its transformation properties let
us consider the following four ways to get a two-indiced ““trace” matrix from it:

r|¥=RY, |A=RE, x!=Rl, F=RL (13)
Here the position of the line through r indicates the pair of repeated indices over which the
trace is taken. Under Eq. (2) all of these transform according to

r—kQrQ—1. (14)

Since the trace matrices transform like normal matrices we propose that the canonical form is
determined, as far as possible, by bringing the trace matrices into the Jordan canonical form.
However, since these matrices do not commute in general they cannot always be brought into
a canonical form simultaneously, therefore we will analyze them in the order given in Eq. (13).
[Note that a T reflection (3c) permutes them: 7|<«>|r, X<>#]

To be specific we propose that the canonical form is determined as follows:

(1) If all trace matrices in the list (13) are proportional to the unit matrix go to step 5, else
take the first not proportional to the unit matrix, call it » and go to step 2.

(2) Use Q to bring r into a Jordan canonical form. If the canonical form is diagonal it must
have nonequal diagonal elements, thus Q is also determined up to a diagonal matrix, go to step
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6. If the canonical form is nondiagonal r must be of type (4 %) with u5<0. This type of form
is preserved by an upper triangular Q, its diagonal part is determined later in step 6, for the
remaining go first to step 3.

(3) Now Q is upper triangular with units on the diagonal. If all remaining trace matrices
in the list (13) commute with Q go to step 4, else find the first which does not commute with
Q and call it r. Let r= (% ), where either C540 or A=~ D and transform it so that B=C. Go
to step 6.

(4) Here Q and all trace matrices are upper triangular, so to fix the nondiagonal part we
look at the corner element d and try to make it zero. Next go to step 6.

(5) In this case the trace matrices are all proportional to the unit matrix and Q is still
completely free. The R matrix must be of the form

a b b d
f g h b
f h g —bf
p —f —f a

If we again postpone the discussion of the scaling freedoms to step 6 we can take A=1 in Eq.
(2’). The Q transformation will preserve the structure (15) so we try to fix B and Cin Eq. 2"
by requiring that after transformation b= f=0. Generically this can be done, but there are
exceptions. In some cases there are several solutions, then we take the one that produces the
simplest R matrix. In fact in most cases it was possible to require in addition that either a=0
or p=0. [For example, matrix (15) with b=f=0, a=g, p=g= =+ can be diagonalized.]

(6) At this point Q is determined up to a diagonal matrix so together with k we have two
scaling freedoms left. We can use them, e.g., to scale two elements of R with different weights
to 1, or one to 1 and two with different weights equal to each other. The effects of these scalings
are easy to see so we do not propose any algorithm to fix them.

The results of applying this algorithm to the solutions obtained in the previous section are
given in Table I of the Appendix. The canonical forms referred to are given in the next section.

(15)

V. THE RESULTS

We will now list all of the solutions of Egs. (1) in two dimensions, modulo the transfor-
mations (2) and (3). Their canonical forms have been obtained using the algorithm of Sec. IV.
We will first give them with homogeneous parametrization (Ry, ,), which gives the shortest
list (these were already announced in Ref. 10}, and then in a form where all possible scalings
have been done (Rg, ). For clarity we have replaced the 0’s with dots.

A. Homogeneous parametrization

The solutions are given in order of decreasing number of free essential parameters and
decreasing rank. Solutions obtained by fixing a numerical value to a free parameter, or by
imposing relations among parameters are not included separately. Let us define as dimension of
a solution the number of free parameters after all scalings have been fixed. With homogeneous
parametrization we have dimension=the total number of parameters —1 or 2, depending on
how many parameters could be scaled to 1 at a generic point, cf. Eq. (5).

Three-dimensional solutions. There is only one such case, the diagonal matrix
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k

Rpa=
S

Two-dimensional solutions. There are three solutions with rank 4, the well-known 6-vertex
models

k- . . 2

kp K—pg - - kp K—pq
Rma=| . . kq b Rma=| | kq P

k2 . . . —pq

and the upper triangular

Rms=|. . .

Pl ~ T~ T

There is also a rank 2 solution

(g—k)(P*—K)  (g-+k)(p*—K?)
2| - (¢ —K) (p+k)
ey : : (@ =) (p—k) |

One-dimensional solutions. The rank 4 solutions consist of the 8-vertex model

P+2p9-¢ - : -7
R r’+¢ pP—¢
H11 ; P—¢ P+ ) )
- : P—2pq—q
and three others
p - -k K kp —kp pgq
p p—a - K ke
Rpo=} | q P Rms=[ 0 L e kgl
p
. . k
Rma=|. 4
q
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For rank 3 we have two solutions

p+q - : . PP
q q k g
Rpys=| . - ptq -l Ryr6= k al
p : p
four of rank 2,
k(—q+k) —k(q+k) P
Ror q(g—k)
o= _glg+k)
b q p p
. . . q
Ruyg=\ o . .} Rae={ | al Rpgrwo=|. . . .}
and two of rank 1
p q
.o . q p
Rywn={_ . || Rmn=
Zero-dimensional solutions. There are three solutions of rank 4
1 . . 1 1 . . 1 1
—1 1 1 1
Ripa=| . . 1 b Rm=p 1 -] Rmns=| . T
1 —1 1 1

two of rank 3

RHO~4=.1..’RH°-5“.1..’

and one of rank 2

Ripe=
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Of the above solutions H3.1, H2.1, H2.2, H1.1, H1.2, H1.4, H1.12, HO.1, HO.2, H0.3, HO.5
fit into the 8-vertex ansatz
00
*
Ryy= . %

0 0

*¥ O O %
* O O *

and appeared, eg. in Refs. 6 and 7 with the exception of H1.12 and HO.5. The only rank 4
solutions not fitting into the Ry, ansatz are the upper triangular H2.3 and H1.3.

After these computations were finished we found out about the works of Fei ez al.™* and
Hlavaty.'” In Ref. 14 many solutions were obtained, but when these solutions are transformed
into a canonical defined above, they become in fact subcases of 8¥, H1.6, H1.8, and H0.6. This
underlines the importance of using a canonical form. In Ref. 15 a triangular ansatz is used, and
the author obtains H2.3 and H1.3 for k=1, but the other triangular non-8-vertex solutions are
not included.

B. The algebraic structure

It is important to observe that in all cases we obtained a nice polynomial parametrization
for the matrix elements. In fact for most cases the algebraic structure is very simple, the only
possible exceptions are Ry 4, Ryy.1, and Ry 5, which we will now look at separately.

1. Parametrization of Ry, , and Ry, ;

The simplest way to write Ry, 4 (and at the same time Ry, 7 and Ry 9.11) is by

b ¢ d

. . . j
Re=| . . . nl where bcj—ben+-bjn—cjn=0. (16)

(See, eg., byg and b, , 3 in Appendix B.) [Note that if b,c,j,n are all nonzero we can write the
condition in the appealing form (1/b) — (1/¢)=(1/n) —(1/j).] In this article we want to give
explicit parametrization for the results, so the presentation (16) is not enough.

If we make a B transformation on R, we obtain

dpew=d— B(b+c—j—n), (17)

so we can divide the analysis into two parts: (1) d=0 and (2) d=1, b+c—j—n=0.

(1) d=0.

(1.1) At least one of the matrix elements b,c,j,n vanishes. After possibly using 7" and C
reflections we may assume that ¢=0. Then the condition (16) collapses to bjn=0 and we
obtain the solutions Ry, g 13-

(1.2) All matrix elements are nonzero, but a pair of adjacent ones are equal. After reflec-
tions we may again assume that b=c. Then Eq. (16) becomes c*(j—n) =0, and since ¢£0 we
must take j=n, and get a subcase of Ry ;.

(1.3) All matrix elements are nonzero and adjacent ones are different. Without loss of
generality we may use the following parametrization:

b=(g—k)z, c=(q+k)z, j=(p+k)w, n=(p—-k)w, (18)
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where we may assume that z540, w520, p 3 k=40, ¢+ k+0, and k+#0. The condition (16)
becomes then —2wzk(w(p2——k2) —z(qz—kz))=0 with the obvious solution

z=p*— kY, w=q"—k, (19)

(the overall factor can be ignored) which yields Ry, 4.

(2) d=1, b+c—j—n=0.

(2.1) At least one of the matrix elements b,c, j,n vanishes. Again we may assume that ¢=0,
which implies as before bjn=0. Now we must also impose the relation b— j —n=0. If j =0 we
get a subcase of Ry, 3, else we get (after reflections, if necessary) the k=0 and g=k subcases
of Ry .7

(2.2) All matrix elements are nonzero, but two adjacent ones are equal. After reflections
we may again assume that b=c. The conditions become ¢?(j —n) =0, 2¢— j —n=0, and since
¢7#0 we must take b=c=j=n, which is a subcase of Ry, ;.

(2.3) All matrix elements are nonzero and adjacent ones are different. If we use the
parametrization (18) condition b+c—j—n=0 implies w=g¢, z=p and then Eq. (16) factor-
izes as

—2kgp(p—q) (pg+k*) =0. (20)

For this case k, p, ¢ are nonzero, the factor p=gq yields a particular subcase of Ry, 3, while
pg-+k?=0 yields Ry, ; after scaling.

2. Parametrization of Ry, ,

The solution of Ry, falls in the group
a - + d

Ry= |, where a+4v=2h, dp=H, g—HK=(h—0v)% 21

> 0
0 N

p - - v

(The ansatz Ry leads also to other solutions with simpler parametrization.) The classification
of (21) goes as follows:

(1) A=0. From the second condition we see that either d or p vanishes also, let us say p=0,
furthermore v= —a and g= =4, which yields the p=¢g subcases of Ry ,.

(2) h£0. We may now scale so that d=p=h and parametrize as h=P*—Q?, g=P*+ Q%
after which the other conditions in Eq. (21) yield a=P>+2PQ— @, v=P*52PQ—(? ie.,
Ry s

It is perhaps worth observing also that sometimes a result may look simpler in a nonca-
nonical form, for example, the solution Ry, ; could also be written as

w oz oz
w —w oz .
Ravw=|, , _u» - | (22)
—w

More precisely, Ry 1, with 2520, w=%0, z+w=~0 can be transformed to Ry, ; with p5£0, ¢£0,
P> —¢*0. The respective exceptional points do not transform to each other, instead we have
the following set equivalence under the transformations (2) and (3): {Ry; 1»Rms.1(k=p=¢q

=—5),Rp31(k=5p=¢=0),Rp1 4(P=9=0)}={Rp.1:R 11 6(p=K,9=0),Rp; ,(p=¢),R 6}
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C. Scaled resuits

In many applications it would be useful to scale the results as far as possible, so that all
parameters are essential (in particular the dimensionality of the solution=the number of
parameters) and as many matrix elements as possible have numerical values. In this subsection
we give the fully scaled results. There are more solutions here than in the list of Sec. V A,
because the solutions split according to whether a parameter we want to scale vanishes or not.
A different list would be obtained if we would choose different parameters for scaling.
3 parameters, rank 4

1
P
R =
$3.1 q
s
2 paramelers, rank 4
1 1
p l—-pg - - p l—pg
R = ’ R 2= »
s2=| . . p . s22=) . g .
1 —Pq
1 1 p ¢
1 )4
Rgy3= 1 1l
1

2 parameters, rank 2

P*—1(g—1) @P*—1)(g+1)

(p+1)(g*—1)
Rga=

—D(@-1D |
1 parameter, rank 4
1+2q—q2 . . 1_q2 1 - . 1
R 1+¢ 1-¢ : Re_| 1 14
S1.1 . - 1+¢ . s Rs12=} ., q b
1—¢* . . 1—2g—¢ . . g
1 1 -1 ¢ q
1 q 1
Rs13= 1 —q) Rsi4= 1
1 q
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1 parameter, rank 3

l+¢q - : : - 11
q g 1 ¢
Rg 5= » Rgi6= .
S1.5 149 - S1.6 1 g
1 . 1
1 parameter, rank 2
g—1 g+1 1 -1 1
Re = ¢(=g+Dy} o [+ 4
S1.7— q(q+1) ’ S1.8— . . . q ’
1 ¢ 1 1 q 1
R = ’ R = ’ R A1 ’
sL=L L L L g sLO=E . L stz g
1
q 1
Rg1p= s Rsii3=
ste=|. . . . S1.13 q
1 parameter, rank 1
1 ¢
qg 1
Rsia=|_. . . .| Rsuis=
no parameters, rank 4
1 1 1 1
1 —1
Rso1= i » Rsoz= 1 ,
1 1
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1 1 1
1 1 . . . 1
RSO.3= . 1 . 1 N RSO.4= . 1
—1 1/ \
no parameters, rank 3
1 1
1 1 1
Reos=|. . ; .| Rss= 1 )
1
1 1
1 1
Rgo7= R T Rgps= -1
no parameters, rank 2
1 1 1 1 1
-1 1
Rgpo= » Rspi0= ’
1
1 1
Rso11= o1 A Rso.12=
1
no parameters, rank 1
1 1 1
Reoz=! . | Rsouu=

And then there is of course the rank 0 solution R=0.

VI. CONCLUSIONS

In this article we have shown how we obtained all solutions to the constant quantum
Yang-Baxter equation (1) in two dimensions. Finding the solutions of a set of 64 cubic
equations in 16 variables was quite complicated. This task could not have been accomplished
without extensive use of computer algebra and the Grébner-basis methods. On the other hand
without judicious splitting into subcases it could not have been solved by computer either.
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The classification of the solutions was also nontrivial. There is no need to present separately
results which can be obtained from others by the well-known transformations (2) and (3). To
fix this freedom we have proposed an algorithm, whose main idea is that the “trace” matrices
of R should be in a Jordan canonical form, as far as possible.

In the end it turns out that all solutions have a very simple polynomial parametrization.
Here we have presented the results both with homogeneous parametrization and with fully
scaled parametrization.
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APPENDIX A: THE EQUATION

Using the notation (1”) we have

Eyi= — (abk—acf+b*p—bhk—cp+cfl—df?—dhp+dk*+dip),

Ey:=ach—adf+bcf—bck—bdp+bhm+cFu—cfn+dfh+dhu—dkm—dnp,

Ey:=a’b—a’c—abh—abm+acg+acl+ b f — b*u+bhl—c*k+c*q—chl+dfg
+dhq—dkm—dlu,

Eg=d’d—ac®+acj +acn—adh—bem + bd f —bdu + bhn— c*m +c*v—chn
+dfj+dhv—dm2—dnu,

Es:= —(abl—adk+b*q—bcf+bck—bjk—cdp+-cgl—dfg—djp+dki+dig),

Eg:= —(adg—adm— bcg—bch+ bel+-bem +-bdg~—bjm —cdu+cgn—dgh—dju
+dim+dng),

E;:=—(a*d—ab*+abj +abn—adl—b’g + b*v—beg —bjl+cdk—cdg+cjl
—dg?—djq+dkn+dl),

Eg:=abd —acd—adj+adn+bcj—ben+bdg—bdv+bjn—cdm+cdv—cjn
+dgj+djv—dmn—dnv,

Ey:=abp—akl—bfk+ bku—blp+cfk+cmp+dfp+dpu— flm—k*n—inp,

Eg:=bcp+bmu+chk —ckl+-cmu—dfk+dhp—dip+du®— fmn—kmn—n’p,

E,;:=abk—ack+b*p— bhk+cgk —ckm+cmq-+dgp +dqu—him — kmn—Inu,

E\y:=adk+amn+bdp+bnu—c*k+cjk—clm—cm*+cmv—dhk+djp—dlu

+duv—hmn—m?n—n*u,
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E\3:=a*l—abk +abq+akn—al* — bgk — bkm + bkv— blg+c fl1+cnp+d.fq-+dpv
—glm —kin—Inq,

E14:=acl+amn——bck+bcq—bm2+bmv+chl—012+cnu—dgk+dhq—~d1q+duv
—gmn—Imn—n’g,

Es:=abl—adk+b*q—bjk+cgl+cng+dgg—dkm +dqu— jim —kn*—Inv,

E g=adl+an® 4 bdq+ bnv—cdk+cjl—cin+cnv—djk+djq—div—dm? +dv*
—jmn—mn®—n,

E;i=— (a2f—a2k——afl—afm+agk+ahk+bf2+bgp—ckz—cmp—fzn+fh1
—hkl—hnp+ jk*+ jip),

Eg:=— (acf —ack—c fl+cgk —ckm —cmu+d f?+dgp—him —hnu+ jkm
+Jjnp),

E\g:=abk—acf—bfh+bfl—bgu—chk+ckl+cmg+ fgn—h*+hl*+hng
—Jjkm—jlu,

Eyy=adk+ajm—c*f —cgm—chm+ckn+cmv—dfh+dfl—dgu+ fin—h*n
+hin+hnv—jm*— jnu,

Ey;:=—(abf—abk+bfg—bfm+bgq+bhk—dk*—dmp— fgn+ghl+ jlg
—Jjnp),

Eyy:=—(bef —bck+dfg+dgg—dkm—dmu+ jnqg— jnu),

E23:=—(adf+agn—b2k+bfj—bgl—bgm+bgv+dhk—dk1—qu—g2n+hj1
+jkn—jP+ jlv— jng),

E,y=bdk+bjm—cdf—cgn—dfj+dgl—dgv—dhm+dkn+dmo+gin—hjn
+jin—jmn,

Eps:=—(a’p—ak®+akq+aku —alp+bfp+bpg— fkm+ flu— fnp—kK*m+ k%
—kIu-i—Ipv—m{v—npu),

Eys:=— (acp+amu—ck?+ckq—clp+dfp+dpg+ fnu—hkm — hnp — km?
+kmv —Imu —m?u+ npv—nu?),
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E,yy:=— (acp+amq+bhp — bk* — blp+ bqu+cku—gkm —gnp - hlu — klm + kmv
—Pu+ luwv—m?q—nqu),

Eyg:= — (*p+cmq+cmu+dhp—dk>—dip+dqu+hnu— jkm — jnp—kmn
—Ilnu),

Eyyi=— (abp—ak1+bgp+bku+bq2—flm—fnq+g1u—k2n+lqv—mnp—npv),

E3g:= — (bep+ bmu — ckl+ dgp+dq* + gnu — hIm — hng — kmn — mnu + nq
—nuv),

E3:= — (adp+anq+ bjp—bkl—blg+bqu+dku —glm —gnq+ jlu—kin-+knv
— Pv+ *—mng—nqv),

Esy:= — (cdp+cng+djp—dkl—dlg+dmu +dqu— jim— jng+ jnu—kn*—Inv),

Esy:=—(acp—afh+bfk+bgp—cfk+cfq—chp+dkp+dpg— f*j—ghk
—hjp),

Eyi=—(a*h—acf+acu+afj—ah®+bhk-+bjp—cfg—cfm+cfuo—chu-+dku
+dpv— fhj—ghm—hju),

Eys=abf—acf+bfg—bfm—bgu—c*p+cfl—dmp—dqu+ fgj+ghl+hjq,

Eyg=— (ach—-adf+bhm+bju+02u~cfn—dfg+dmu+duv—fj2—ghn
—hjv),

Esyi=— (bep—b fh+bf14-bgq+cgq—dfk—dhp+dip+dg’— fgj—gik—j’p),

Ejp=— (abh-+agj —bef+beu—bh -+ bhl+bjg—cg®+cgu—dfm—dhu+dlu
+dqu—ghj—gjm—j*u),

Esg:=—(adf+agj—b*f+bfn—bg*—bgh+bgv+cdp+cjq—dfi—dhq+dnp
+dqu—g*j—gjl—J*9),

Eqyi= — (adh+aj?— bd f —bhj +bhn+bjo+cdu+cjo—dfn—dg*—dhv+dnu
+dv’ —gj —gjn—j*v),

Eyi:=agp—amp— fgk+ fhk+ fjp— fki+ fkm— fmg+gku—glp+hmp+ jpu
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—knp—npq,
Eg:=—(ahk+amu—cfk—cgp+ fjk— fm*+ fmv—gmu—h’k—hjp+hkl
—hmu+ jlp— ju + knu+ npv),
Eg:=bfk+bgp—cfk—cmp+gjp+ jqu—mnp—nqu,
Ey:=—(chk+cmu—dfk—dgp— fmn—gnu+hlm— j*p+ jlu— juv+mnu
+nuv),
Eys:=afl+agq—bfk—bmp+ fhi+ fjq+ fkn— fP—g*k+ghkv—glg—gmq
+hnp+ jpv—Inp—ng?,
Ess:=— (bhk+bmu—cfl—cgq— fmn+gjk—h*l—hjq+hlP —hnu+ jlg— juv
+Inu+ngv),
Ey:=bfl+bgq—dfk—dmp+-ghl—gjk+gjq+hng— jmgq+ jqu—n*p—ngv,
Eug:=dfl+dgg—dhk—dmu+ fn*+gnv+hjl—hin4-hnv— j*k+ j2q— jlv— jmo
+jrt—n*u—m?,
Eg:=a’p—af’+afq+afu—ahp+ckp-+cpu— f2g+ fo— fek— fhg—g’p
+hkq+hpv— jkp— jpq,
Esg:=acp—afh+cfq+cmp+cu*— f2j —ghk —gjp+hmq+huv— jku— jpu,
Es;:=abp-+agu+bfq—cf*—chp+clp+cqu— fgh— fgm+ fgv—g*u—h’q+ hig
+hqu—jmp— jqu,
Esy:=adp+aju—cfh—chu+cnp+cuv+dfg— fhj+ fjv—ghm—gju—h*v
+hng+hv? — jmu— juv,
Esy:=abp+agqg—bf*+bfu—bhp+dkp+dpu— fg*— fgl+ fgv—g’q—ghq+ jkq
—Jjlp+jpv—jd,
Esy:=bcp—bfh+cgq+dmp+du*— fgj—ghl—gjq— jlu+ jmg— jqu+ juv,
Ess:=b’p-+bgq+bgu—df*—dhp+dip+dqu— fgj— fen—hjq+ jlg— jnp,
Esq:=bdp+bju—dfh+dgg—dhu+dnp+duv— fj?—ghn—hjv+ jng— jnu,
Esy:=—(afp—akp—apq+apu+fgp+ fkq— fku— fpv+ fqu+gpg—kmp
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+ kpv— kqu — mpu + pqv—puv),

Esg:=— (ahp+au*—ckp—cpg+ fjp+ fuv+hkq—hku—hpv+ jpg+kuv—m?p
— mqu—mu* 4 pv*—u*v),

Esg:=>bkp+bpq—cfp—cpu— fmq—ghp-gku-+gpv—gqu—hqu+Imp+lqu
—mpv+mgqu,

Eg:= — (chp+cu®> —dkp—dpg+hjp+hmq+huv— jku— jpv+ jqu—mnp
—nqu),

Eq:=alp+aq’ —bfp—bpu— flg+ flu+ fq—g’p—8q"* —gqu+knp+kqu—Ipv
+npu+pv* — g,

Eg:=— (bhp+bu*—clp—cq* +gjp+guv+ hlg—hlu—hqu+ jg*+ luv—mnp
—mqu—nu* 4+ q* —w?),

Egy:=blp+bq*—d fp—dpu— fng—gjp+g8lu— jqu-+Inp+Ilqu—npv+nqu,

Eg:=— (dhp—dlp—d@* +du* + hng+ j*p— jlu+ juv—n*p—nqu).

APPENDIX B: THE SOLUTION PROCESS

Case A.1: The starting point is

a b ¢ 0O
—u g h j
R= . (B.A1)
—u I m n
p u u v

We fix the remaining two degrees of scaling freedom as follows: If p5£0 scale to p=1. Now
since u appears in four positions it is advantageous to relax the condition d=0 and instead use
B=u in Q so that we have f=k=¢=u=0 after the transformation. The final scaling freedom
is fixed by starting from the upper right corner. We use C and T reflections to put the unit
element as far up as possible and then as far left as possible. This yields cases R,...,cR

1

R= (B1)

- O O 8

O -~ R o

o ¥ > o
N S

v
This case was further divided into subsubcases on the basis of E,g=—hi(h—1). We only get

two possibilities, =0 and A — /=0, /540, since by T reflection we can exchange k and /.
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cr1={d-1,f,hkp—1,q,u},
by ={{a—vb+nc+ng+v,j—nlm+vn*—v}},
c1o={d—1,f,h—Lkp—1,q,u},
ni={{I}},
by, ={{a—v,b,c.g+m,jl—v,m*+1,n0°+1},{a—v,b+n,c+ng+v,j—nLPv+n’—v,m+v},
{a+v+2,b,c.g—m,j,l+1,m*—v*—20—2,n},{a—v,b,c.g—v,j,I+1,m—v,n},

{a+v—2,b,c,g—m,j,I—1,m*— 2+ 20—2,n},{a—v,b,c,g—v,j,|—1,m—uv,n}}.

al ¢ O
0 g A j

R= 0! m nl (B2)
1 0 0 v

Cry= {b_ l,d’f’k,p— l’q:u}’
b,={{a—v,e—1,g+v,h—1j+ 1L,Pv+1m+vn+1}}.

1 0 0 O
0 g A O

K=o 1 m of (B3)
1 0 0 v

03={a_ libac’d’f’j,k’nsp_ I’q,u},
by={{g+1,alm+1w—1},{g—LAlm—1v—1}, {g—v,h—v—1,lm+1},
{g+v,h—v—1Im—-1}{g—1LAl—v—1,m+v}{g+ Lhl—v—1,m—v}}.

00 0
01 A O B4

WR= 0 I m of (B4)
1 0 0 O

There are no solutions of this type.

0 000
0 010

R=lo 1 0 of (BS)
1 0 0O

cs={a,b,cd, f.g.h—1,j,k,mnp—1,q,u,uv},
bs={{I},{I-13}}.
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0 000
0 00O
®=16 0 0 of (B6)
1 0 0O
cs={a,b,c.d,f.g:h.j,k.l,m;np—1,g,u,u},
bs={{}}.

Next we have p=0 and then u cannot be eliminated while keeping p=d=0. First we
assume that u is nonzero and scale to = —1 and start putting the other unit element from the
diagonal, yielding ;R,...,;;R

1 c O
R Lo B B7
11 1 m (B7)
0 —1 —1 v

c7={a— l’d,f_ lyk_ I,P,q+ l’u+ 1}1

b;={{b+n,c+ng+1L,h+2n,j—nl+2nm-+Lv—1},{b+n,c+ng+1L,hj—nim-1,0—1}1}.

0 b ¢c O
1 1 h
R= (BS)
0 -1 —1 0
There are no solutions of this type.
0 b ¢c O
1 0 1 5
oR= 1 ! 0 nl (B9)
0 -1 —-1 0
cg={a’d’f_ l’g’h - l’k— I)m!p’q+ 17u+ lyU})
b9 = {{b’c’jyl_ l,n}}.
0 1 ¢c 0
1 ©0 0
wR=l, 5 o ) (B10)
0O —-1 -1 0

CIO={a’b_ lsd’f_' I’g’h’k_ l,l,m:P»Q'*‘ 13u+ l,l)},

bio={{c—1Lj+1n+1}}.
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0 0 0 O
1 0 0 0

R=l 9 0 of (B11)
0 —1 —1 0

1= {a,b,c,d,f— I’gyh!j’k'_ l,l,m,”,P,q+ lau + 1,1)},
by={{}}.

Next we have p=0, u=0in Eq. (B.A1l) and transform among b,c,j,n so that b=1 for the
subcases j3R,...,;3R. (This can be done unless b=c=j=n=0, which is discussed later.) The
other unit will be on the diagonal. Note that now C and T reflections are not allowed.

1 1 ¢ O
0 g h j
R= . B12
12 0O I m n ( )
0 0 0 v
This turned out to be computationally difficult, so we split it further into three parts using
E 11 = - lmh.
(1) I=0

cp1={a—1b6-14,fk,lpgu},
bi={{c+mg—j—n+Lh—v—1,j>—j—m—n’43n-tv,jm—n,jn+m-+n*—2n—v,
jv—m+n+v,m2—v,mn——m+n+v,mv+m+nv—n—Zv,nzv——n2—4nv—v2+v},
{c+vg+Lh—v—1,j,m—uvn}{c+1,g+h—1,jm—1nv—1},
{e—lLg+Lhj+1Im+1n+1v—-1}{c—jg+m—v—Lhjm—jv+m—1,n—1},
{ce.g;h—1,j,mnv—1},{cgh,jm—1,nv—1}{c—1,gh,j,mnuv—1}}.

It is often the case in computing Grobner bases that in a bad ordering of variables the result
looks complicated. This holds for the first entry above, if we give up the default alphabetical
ordering and instead put j and m last in the list of variables, then the first entry in b, ,; splits
into

b12‘l.l={{c!g+ I,h'_ l,n,U,j,m},{C-i-m,g+m,h—m2— 1,n+1+m— l,v—mz,jm—i—j-i-m—— 1}}

Here the first solution is in fact the special case v=0 of the second solution in 4, so it can be
omitted.
(2) m=0, 520

cpa={a—1,b—14d,f,k;mp,q,u},
nypa={{l}}, bpi={{c+Lg—LAhj,l—1npv—1}}
(3) h=0, m5~0, I£0
cipz={a—1Lb—14d,f khpgu}t, npy={{I},{m}},
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bs={{c+m+n—n+2,g+mj+m+nv+1,l—v—tm?*—vmn—m—nv—1,
mv+m+nv* —nv+2v,n*? —n*v+4nv—v+ 1},

{CU+ 19g—U’j’l_'v— 1’m+ 1,n},{c+ l,g"_ 19]rl+m_ l,n,u—— 1}}

Again a change in the variable ordering (j, n, m last in the list) produces a shorter result for
the first element

bysi={c+nm—n+lg+mi—m?*—1,v—m?j+nmnm*—nm+m+1}.

[y

sR= , (B13)

o O O ©
S o~ 0

O I > o
_ X~ O

C13= {a,b_ lyd,f,k,P,q,u,U— 1}:
b13= {{C,g,h,j - l,l— l,m,n},{c,g— l,h,j,l— I;man},{c_j’g+m - 1»h’jm _'J +m,17n - 1}’

{c,g— lah’j,l,m - l,n}}'

01 ¢ O
01k Bl4
14R_ 01l m n s ( )
00 0 O
Cly= {a,b— 1d,f,.g— Lk,P,q,u,U},
bu={{c+Lh+1,j,lmn}{c+1,h,j+1,lm+1,n—1}}.
01 ¢ O
e (00 h
sR=ly 7 1 Wl (B15)
0 00O
cis={a,b—1d,f,g,k,m— I,P,q,u,v},
b15={{C+1,h,j,I+l,n}}-
01 ¢ O
00 1 j
16R= 071 0 nl (B16)
0 0 0O

cl6={a’b_ l,d,f,g,h"-' 1,k,m,P,q,u,U},

b16={{c"' laj_‘nyl_' 1}}
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) (B17)

O = O =
oS O O o
S X N O

C17={d,b— l,d,f,g,h,k,l— l,m,P,q,u,U},

by ={{c.j}}.

18R = , (B18)

o O © ©
© O O =
S O O o
S X N O

C13= {a,b - 1,d»fsg9h’k»1;m:p’q,u’v}’

big={{cjn—cj+cn—jn}}.

Finally we have p=u=b=c=j=n=0 in Eq. (B.A1) so we can only put one element
to 1

) (B19)

O ~ = C©
o 3 x> ©
o o o

v
Cl9={a_ l,b,c,d,f,jak,n,qu,u},
bo={{nI},{gm+h—1Lv—1}{gm+v,h—v—11}{gm+I1—1,hv—1},

{gm+uv,hl—v—1},{g,h—1,]—1,mv},{g,h—1,l—1,mv—1}}.

0 0 0 O
01 A O

20R= 07 m ol (B20)
00 0 O

0= {a,b,c,d,f,g—~ l,j,k,n,P,q,u,U},
b20={{1:m},{h’1}’{h’m}}'
0 0 0 O
R 00 0 B21

2R=1y 1 4 ol (B21)

0 00O

€= {a,b,c,d,f,g,h - 1,j9k:m,n1paq,u;v},
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by ={{I},{I-11}}.

Case A.2: Now we have d=0, f=k, g=m, g=u, and k- u=0, let us therefore scale so that

k4+u=1
a b ¢ O
1—u m h j
R= . (B.A2)
l—u I m n
P u wu v

We start putting the other unit element from the lower left hand corner. Both C and T
reflections are allowed, but may have to be accompanied with a redefinition of u.
In the first case we scale to p=1 and have

a b ¢ O
l—u m h j

nR= 1—u I m nf (B22)
1 u u v

Since u appears now in four places, we again give up the constraint =0 and instead transform
with A=1, C=0, B=u in (M1) to

2.R= (B22a)

e e Q)
O ~ 3 o
© I x> a
[T e Y

(where the parameters have been redefined). Note that this transformation does not change the
relations g=m, f=k, g=u. Now E;— E¢g,=hI(h—1) so the problem splits into two, 1: h=],
2: ]=0, h=~0. There are no solutions in the second category, so let us concentrate on the first.
With A=/ we find Esg=b—c, E;;=j—n, thus the R matrix must have the nicely symmetric

form
a ¢ ¢ d
1 m I n B
2R = 1 1 m nl (B22b)
1 0 0 v

One property of the R matrix is that if it has b=c, j=n, f—=k, g=u, g=m, h=1 these relations
will be preserved under a general Q transformation. To utilize this property, we try to trans-
form ,,,R to one of the forms studied before.

First we use the B part of Q to put d=0, yielding

(B22c)

< X 8 O
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(where the variables have been redefined, as usual). After the C part of Q we find

(f+ ) pew: = — (c+1)C*+ (a—v) C+1=0, (B22d)

Prew:=2(n—¢)C*+ (a—21—-2m+0)C*+2(1—2u)C+1=0.
(B22e)

A previously discussed subcase of Al is obtained if we can solve C from the first equation. If
this cannot be done, we must have ¢c= —n, a=v and if we then can solve for C from the second
equation we again get a subcase of Al, after a reflection. The final exceptional case is n=c=0,
a=v=I+m, u=3, which yields

ep={a—Il-mb,cd2f—1,g—mh-—1j2k—1np—12¢—12u—1,v—I—m},

by={{I}},
as the only possibly new solution.
1 b ¢ O
R l—u m h j -
2"M—u I m nl (B23)
0 u u v

(.‘23={a——- 1’d7f+u'_ l’g_m,k+u_ I:Pﬂ—‘u}:

byy={{4b—v+ 1,d4c—v+ L,A4] +v*—0v,l,2m+v+ 1, 4n+v*—vuv—u—v},
{b—nec—nh,j—nl2m—v—12u—1}{bc,h+n,j—nl4+nmuv—1},
{b—lc—Lh—Ljm+ L, nuv+ 1} {4b—0* +1,4c—v*+ L4, j,1,2m —v+ L,n,u},
{bc,h4j+v*— LI 2m+v—1,4n+0*—Lu—1},{bc,h+n,j—nl+nm—1u—1,p+1},

{b+lc+lLh—1jmnu—1,v—1}}
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0 b ¢ O
1—u 1 h j B4
WR=ly 11 al (B24)
0 u u 0
There are no solutions of this type.
0 b ¢ 0
1—u 0 1 j B2
2R = l1—u I 0 nf (B25)
0 u u 0
025={a’daf+u_ l’g;h_ 1’k+u— I,m,P,Q”““,U},
b25= {{b,(.‘,j,l— l,n}}.
0 1 ¢ O
1—u4 0 0 j B36
26R = 1—u 0 0 =n ’ ( )
0 u u 0
ce={a,b—1.d,f+u—1,ghk+u—1,mpqg—u,uv},
b26={{c_ 1!.]_ l,n_' 1,211— 1}}'
0 0 0 O
1-u 0 0 O B
2R=l1_4 0 0 of (B27)
0 u u O
Cy1= {a,b,c,d,f+ u— l’g’h’j’k+ u— 1’1:m:n:paq_ u,v},
by={{}}.
Case BlI: In the first B case the starting point is
a b ¢ O
k g h O B.BI
R=lg 1 m of (B.BI)
qg u v

with g=<u. If now b=c and p=0 we can reflect the matrix to one of the forms studied before,
thus we get two subcases: (1) b=c, p5£0, and (2) b+c.

B1.1 We fix the scaling freedoms by putting p=1 and g=u+2. We now have cE;—2acE,;
+aEg=2c> so in fact we must also take c=0 and obtain
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a 0 0 O
k g h O

21R= k I m ob (B28)
1 u42 u v

cis={bcd, f—k,jnp—1l,g—u—2},
byg={{a—vg+v,h—2u—2,k+u+ 1L,Lm—2u+v—2,u*+3u—v+2},
{a+k+vg—k—v,h+k i+ k+2v,,m—vu+1},{a—mg+vh—m—v,klmu+2m-+uv},
{a,g.k,mu+2,0}{a+mg—v,hk+m—vl+m—vm*—2mo+m+v*+v,u+1},
{a—vg+2u+v+2,hk+u+ LI+ 2u+2,m+v,u>+u—v},{a—I+v,g—I14+v,hklu+2v,m+v},
{a,g,h.k,muv},{a+u>+2u,g+u*+2uhk,l,m+u*+2u,v}}.

B1.2 If bs~c we may assume that one of them, say ¢, is nonzero and scale it to 1, thus we
start with

o O O

) (B29)

D o~ g o

1
h
m
u

A~
<

where b=£1, g~u. For computational purposes it now turns out to be best to scale m to 1, if
it is nonzero.

(1) If m=0 we scale so that g—u=2. For the simplest result we used a variable ordering
that places / last in the list of variables.

ey 1={c—1,d,f—k,jmng—u—2},
by ={{a—v,2b+vi+Pgh—Lkpu+ vl,p? +-vl—2},
{a—v2b+v*—P42,g,h—Lkpu—P+2,0l+ P -2},
{a—1b+1,g+h—LAl—Lkpu+1,v—1}{a—vbg—v,hv—2,kpu+2,}}.

(2) If m5£0 we scale to m=1. This is a good illustration of the significance of variable
ordering in computing Grobner bases. The default ordering produced a quite long output but
when we finally found the best ordering (alphabetical, except that 4, / last in the list) both the
output and computation time was reduced almost by a factor of 10.

Cr92= {C— lydaf_ k)j,m - lyn}:
nyg,={{b—1},{g—ul},
b29.2= {{a + h9b,g+ h— 1,k+ h,P + hzaq,u - hz’v+ h— l,l}a

{a—I1-1,b+1,g+h—I—1kpqg—hlu+hipv—I-1},
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{a—B+hl+h+1,b+h—I1—1,g+h—I—1,k—h*+hl+2h,

p—R 4RI 2R g —hlu+h —RH—2R* 4 hly—~h2 4+ hl+2h—1—1},
{a—v—h+1+2,b+h—1—1g4+h—I—Lk—v+I+1,p+ P —vl—20+1+1,
g— v +v—Lu+vi+v—1,0h—vl—v—h+ 1}}.

Case B2: Since j5£0 we scale to j=1 and obtain

a b 0 0
kK g h 1

oR= k1 0 ol (B30)
g u v

where g7~u. In this case we focus on k and p: If one of them is zero we scale the other to 1, else
we scale them to be equal. Thus we get four cases, 1: k=p=0, 2: k=0, p=1, 3: k=1, p=0, 4;
k=p=+0. Case 4 was computationally difficult and was split further into 4.1: k=p=£0, b=0,
4.2: k=p+£0, b=1, j free, but 3£0. Cases 2—4 had no solutions with ¢g=£u so we got just

€30.1= {C,d,f,j - lyk’mynsp}:
ny. ={{g—u}},

b30.1 = {{a - l)b9g_ I,h - 1,12+q,u:0},{a,b,g+ U,h,l,q-*' vz:u}}-

Case B3: Also here we take j=1

a 0 ¢ O
k g h 1

uR= k 0 m of (B3
p q u v

where g=u and either ¢£0 or m=£0. In this case the computations are easier if we work on a
and c. 1: If c=0 we must have m==0, thus let us scale to m=1. 2: If c40 but a=0 we find from
E, that p=0 and from E, that 4 =0, but there are no solutions with g=£u=0. 3: If both a and
¢ are nonzero we scale so that a=¢5~0, then E| yields k+p=0 and E,:=h+u=0.
€311 ={b,C,d,f—k,j - l,l:n:m - 1})
ny 1 ={{g—u}},
by ={{a—l.g—Lh+ukpquv}{a—1,g+v—1,hkpqg+v>—vu}}.
C313= {a _Crb:daf— k:h + u’j - 19k +p’13n}:
N3 3= {{q— U},{C}},

by 3={{c—ug—Lk+um+uqg+1,v+1}}.
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Case C: This is the special case

a ¢ ¢ 0
f m I n

R=lx 1 m nf (BLC)
p q u v

with fs£k, q7u, p+0, we will therefore scale to p=1. Now E;=c*(f—k+g—u) and E
=n*(f—k+q—u) so we must either have c=n=0 or f—k+g—u=0. In the first case we
have

nR=

o O O

) (B32)

)-AR-\Q
D -~ 3 ©

® I ~ O

with f5£k, g5%u and scale to get two subcases, 1: k=0, f=1, g5~u, 2: k=1, f5£1, g#u. (In
the second subcase we may also assume that /70 otherwise the solution would be obtained
from the first by T reflection.)

cpi={bed,f—1,g—mh—1jknp—1},
ny1={{g—u}},
by ={{a—v,,m—v,qu—1},{a,l,mqv},{a,lmuv}}.
cy=1{bcdg—mh—1ljk—1np—1},
nyp={{g—ul{f—1}{f}}

by ,={{a—v,f+1,m—vq+vu—v}{a—v,f—ulm—v,g—1},

{a! qu+fq'—fu_qu1m’17v}}'
In the last case we can scale so that f=k+1 and then g=u—1

a c

k+1 m

nR=\ /
1 u—1

(B33)

SR T N ]

8 ¥ ~ na

and we may also assume that n5£0 or ¢~0, else we get back to 3,R. From E;,+ Esg=n(c—3n)
and E,+E;=c(3c—n) we see that there are no solutions of this type.
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APPENDIX C: ANALYSIS AT THE RAW DATA

TABLE 1. Analysis of the raw data. “Case” refers to subscripts of ¢ and b Appendix B. The canonical homoge-
neous form to which a solution can be transformed is given in column 3.

Case Subcase Transforms to Ry,
1.1 1 1.4
1.2 1 0.2
2 n=(P=1)Y/4], 3P4 150: 0.2,

m=(P—=1)2/41, 3P +1=0: 1.6, else 1.4

3 m+v=0: 1.4, else 1.1
4 3.1
5 see 3 3 above
6 31
2 1 P=4:0.1, else 1.4
3 1 0.1
2 2.3
3 1.2
4 1.2
5 1.2
6 1.2
5 1 1.8
2 1.4
6 1 2.3
7 1 n=0,1: 0.1, else 1.4
2 n=0: 0.1, else 1.4
9 1 1.6
10 1 1.4
11 1 1.6
12.1 1 22
2 12
3 h=0: 1.3, else 2.1
4 0.1
5 ¢#0, m=1 or ¢=0, v=1: 2.3, else 3.1
6 0.4
7 1.5
8 0.6
12.2 1 2.1
12.3 1 2.2
2 1.2
3 m=1: 1.3, else 2.1
13 1 2.2
2 1.2
3 31
4 1.5
14 1 1.12
2 3.1
15 1 1.12
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TABLE 1. (Continued.)

Case Subcase Transforms to Ry, .,
16 1 1.6
17 1 1.8
18 1 see Sec. VB 1
19 1 3.1
2 2.1
3 2.2
4 2.1
5 2.2
6 0.5
7 0.3
20 1 1.12
2 3.1
3 1.12
21 1 1.12
2 1.4
22 1 2.3
23 1 1.6
2 n=—(m—1)%/2: 2.3, else 3.1
3 n=0: 0.6, n=1: 1.2, else 1.1
4 1=0: 1.2, I=~—1: 0.6, else 1.1
5 v=0: 1.6, else # 4 above
6 # 4 above
7 # 4 above
8 # 3 above
25 1 1.6
26 1 31
27 1 1.6
28 1 u=—1: 17, u=—2: 1.12, else 2.1
2 k=0: 1.7, else 2.2
3 m+v£0: 1.2 m4v=0, u=—1: 1.7, else 1.11
4 1.8
5 m+4-v=0; 1.7, else 1.2
6 u=—1: 1.7, u=0: 1.12, else 2.1
7 see # 3 above
8 1.8
9 u=—2,0: 1.11, else 1.5
29.1 1 1.2
2 1.2
3 P41=0: 1.3 else 2.1
4 1.5
29.2 1 h=1: 1.11 else 1.5
2 h=—I=1: 1.11, h=—1#1: 1.3, h£—I=1: 1.12, else 2.1
3 h=1:1.11, else 1.2
4 v=0: 1.11, else 1.2
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TABLE 1. (Continued.)

Case Subcase Transforms to Ry,.,
30.1 1 0.4
2 1.8
311 1 1.5
1.5
31.3 1 1.8
32.1 1 2.3
2 u=1:2.3, else 1.9
3 g=1: 1.7, else 1.10
322 1 1.3
2.3
3 see Sec. VB 1
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