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Abstract

This thesis gives a criterion for detecting the entanglement of a quan-
tum state, and uses it to study the relationship between topological and
quantum entanglement. It is fundamental to view topological entangle-
ments such as braids entanglement operators and to associate to them uni-
tary operators that are capable of creating quantum entanglement. The
entanglement criterion is used to explore this connection [L.H. Kauffman
and S.J. Lomonaco, quant-ph/0304091, 2003].
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1 Introduction

Quantum entanglement is a very astonishing phenomenon in natural science.
By using this property, there are many useful results such as quantum dense
coding, quantum key distribution, quantum teleportation, quantum informa-
tion theory, and quantum computation.

This paper discusses relationships between topological entanglement and
quantum entanglement. Kauffman and Lomonaco proposed that it is more
fundamental to view topological entanglements such as braids as entanglement
operators and to associate with them unitary operators that perform quantum
entanglement. Then one can compare the way the unitary operator correspond-
ing to an elementary braid has (or has not) the capacity to entangle quantum

states. Recently, they are interested in the role of unitary braiding operators



in quantum computing; certain solutions to the Yang-Baxter equation form
universal gates in the presence of local unitary transformations [2].

In Section 2 we will introduce axioms of quantum mechanics and quantum
entanglement. In Section 3 we prove a set of equations that characterize entan-
glement of an n-qudit quantum state. Section 4 then shows how this criterion
can be used to analyze a general class of solutions to the Yang-Baxter equation
and their corresponding link invariants just as the paper [1] of Kauffman and

Lomonaco in 2003.

2 Preliminaries

2.1 Axioms of Quantum mechanics

Axiom 1 (State). A state is a ray in a Hilbert space over the complex field
C and the ray is an equivalence class of vectors that differ by multiplication by

a nonzero complex number C.

We remark that each state is considered as a unit vector in a Hilbert space
over C.

In quantum two-level system C2, {|0), |1)} forms a basis in C2. A state can
be written as a|0) + B]1), where ., € C and |a|* + 8] = 1.

In n-qubit register,
{|zn-1) ®|zp—2)®@ - ®|20) | 2 =00r1fori=0,1,...,n—1}

forms a basis of C? @ C? @ --- ® C2.
n

def def
|Zn-1) ® |Tn_2) @ @ |20) = |Tn_1,Tn-2,.++,T0) = |Tn_1Tn_2 - To)

In n-qudit register,
{\xn_lxn_g---mo) ’ ZT; :0,1,...,d—1 fori:O,l,...,n—l}
forms a basis of (C%)®",

Axiom 2 (Observable). An observable is a self-adjoint (or, Hermitian) op-

erator on a complex Hilbert space.



A self-adjoint operator in a Hilbert space H has a spectral representation;

its eigenstates form a complete orthonormal basis in H. We can express a

A= Z an Py,

where each a,, is an eigenvalue of A, and P, is the corresponding orthogonal

self-adjoint operator A as

projection onto the eigenspace with eigenvalue a,,.

Axiom 3 (Measurement). In quantum mechanics the numerical outcome of

a measurement of the observable A is an eigenvalue of A.

If the quantum state just prior to the measurement is |¥), then the outcome

a, is obtained with probability
Prob(ay, is observed) = || P,|¥)|[> = (¥|P,|¥).

Axiom 4 (Dynamics). The state evolution of a closed quantum system is

determined by unitary operators.

In the Schrodinger picture of dynamics, the vector describing the system

moves in time as governed by the Schrodinger equation
() = ~H()
R = —
dt ’

where H is the Hamiltonian. We may reexpress this equation, to first order in

the infinitesimal quantity dt, as
| (t+dt)) = (1 —iHdt)|V(t)).

The operator U(dt) = 1 — iHdt is unitary; because H is self-adjoint it satisfies
UtU =1 to linear order in dt. Since a product of unitary operators is finite,

time evolution over a finite interval is also unitary

(W(t)) = U@)W(?)).

In the case where H is t-independent; we may write U = e~ #H,



2.2 Quantum Entanglement

Let @1 and Q)2 be two quantum systems with their underlying Hilbert spaces
H1 and Hs respectively. Let [¢)1) and [¢)2) be the states of a combined quantum
system @ = Q1 ® Q2 given by the tensor product of the states, that is,

Y1) @ [1h2) € Hi ® Ha. (1)

Definition 2.1. The state is called unentangled (or separable) if it is of

the form in the equation (1). Otherwise, the state is called entangled.

Definition 2.2. Let 1, Qo, ..., Q, be quantum systems with underlying Hilbert
spaces Hy,Ho, ..., H, respectively. Then the global quantum system Qgiopal

consisting of the quantum systems @1, Qo, ..., Q, is said to be entangled if
its state |¥) € Hgiopal = ®7_1H; can be written in the form
) = &7 i),

where each [|¢;) lies in the Hilbert space H; for j = 1,2,...,n. We also say
that such a state |¥) is entangled.

3 Entanglement Criteria

Let us consider a state |¥) € (CH)® ", The state can be written as |¥) =

> o Gale), where

a=00---0,00---1,....,d—1d—1---d—1
S—— ——

n n n

aq, € C and Z lag|> = 1.
(03

Notation 3.1. Let || denote the number of nonzero terms in the string «, e;
the string of length n with all zeros except for a 1 in the i-th place, and i € «

the i-th place in the string « is occupied by nonzeros.

Theorem 3.1. The state |¥) = )" aql|a) is unentangled if and only if
~1
a‘oo(l)|0 Ao = H a’(a-e,‘)ei
1€Q

for all a.



Proof. The state |¥) rewrites that

‘\I/> = ago...0’00"~0> —|—a10...0]10---0> + - —i—ad,ld,l...d,l\d— 1d—1---d— 1>

= ago...0 <|00...()>_|_ alo"'°’10...0>+...+Mu_ld_1 ---d—l}).
ao---0 ago---0
(2)

If |¥) is unentangled then |¥) has the form of an n-fold tensor product as

shown below,

|¥) =agop...0(|0) + b1o...0|1) + b20...0|2) + - - - + bg—10...0/d — 1))
& (|0> + b01~-~0|1> + bgg.‘.0|2> + 4+ bgd_l...o‘d — 1>)
Q- ® (|0> + boo...1|1> + boo...2‘2> + -+ b00~~-d—1|d — 1>) (3)

It follows from (2) and (3) that

A(a-e;)e;
Biaoye, = — e 4
(areer = o = (4)

Also, we obtain from (2), (3), and (4) that

Aaee)e;
(o = AQp---0 H —_— .

apo..-
i€ 00---0

laj-1
Hence agy..q0a = Ha(a'ei)ei for all a.

1€

Conversely, if the coefficients of |¥) satisfy this formula, then |¥) factorizes in

the above form. O

Remark 3.1. The simplest example of the theorem is the case of two entangled

qubit. By the above theorem,
|\If> = a00]00> + a01|01> + a10|10> + a11]11> € (02)®2

is unentangled exactly when aggair = agiaig-

Two entangled qutrit in (C3)®?

‘\I/> :a00\00> + CL01|01> + a02|02> + a10\10> + a11|11) + CL12|12> + a20’20>
+ CL21|21> + a22]22>



is unentangled exactly when

aopoa1l1 =aipaoi,
apoai2 =aipao2,
apoa21 =a20ao1,

apoa22 =a20002-

4 Topological Invariant

We define o; as the braid where the i** strand goes under and the right of the
i+ 1" and ;7! the braid where the i** strand goes over and the right of the
i+ 1th,
that is,

1 2 1i+1 n—1n 1 2 1i+1 n—1n

Vs VA

\ /
1 2 1t+1 n—1n > 1 2 ii+1 n—1n -
—1
i

ag; g

For any n > 1 the n-braid group B,, has the following presentation,

0;0;4+105 = 044+10;0i+1 for i = 1,2, ey, — 2
0i0j = 0404 for ”L —]’ 2 2

Bn = <Gl7027' 5 0n—1

We now try to obtain representation ¢, : B, — End(V®") defined by
6n(0s) = (idv)*0 ™D @ R@ (idy) "~ (5)

for some invertible linear map R: V ® V — V ® V. To obtain such a repre-
sentation ¢, of the braid group B,, from the map R, the map ¢, is required

to satisfy the following relations,
¢n(0i0j) = Pn(ojoy) for |i —j| =2 (6)

and

Qﬁn(Uz‘Ui_HOi) = ¢n(0i+10i0i+1) for i = 1, 2, ey — 2. (7)



Let us consider what is required of a map R so that ¢, will satisfy the above
relations, (6) and (7). Such a given map ¢,, always satisfies (6).
To obtain (7), the linear map R is required to satisfy the relation

(R@idy)(idy ® R)(R®idy) = (idy ® R)(R® idy)(idy ® R).

We call this equation the Yang-Baxter equation, and the matrix associated
with the linear map R an R matrix. For the invertible linear map R we obtain

a representation ¢,, of the braid group B, by (5).

Let {vg,v1, - ,v4—1} be a basis of V and R a matrix
RO
RO
R = Rfjl
]%i;id_l

Then we have

R(v; ® vj) = Z Rf;vk ® vy,
k.l

that is,
00 00
01 01
' = Q;
kl . vJ kl
Rij a;j Rij
d—1d—1 d—1d—1



We change the Yang-Baxter equation into the equation of component of R

matrix;
(LHS) = (R ® idv)(idv ® R) (R & idv)(vi & (% & Uk)
= (R®idy)(idy ® R)(D_ R}{"vu ® vy © vp)
= (R®idy)( > RYREv, @vp @)
u,w,p,q
= > RYREIRSU @@, (8)
u,w,p,q,r,s
and

(R.H.S.) = (idy ® R)(R ® idv>(idv ® R)(v; ® v &Q vg)
= (idy @ R)(R®idy)(Y_ RS} (vi ® vy ® vy))

Z7y
= (idy ®R) Y RIIRiZ(vr ®v. ®v,)
I7y7r7z
= Z R;?,i/Rijigvr ® Vs ® vg. (9)
z7y7r7z1s?q
By (8) and (9) we have

> REFRRG =) BLRICRY (10)
u,w,p z,Y,2

for all choices of 4, j, k and ¢, r, s.

Let M = (Myp) be an d x d matrix whose entries My, € C with | My = 1.
Define an R matrix by
fa = Ma0gor. (11)

Then
R(vi ® vj) = Mj; vj ® v;.
By (10) and (11) it then follows that
(L.H.S.) = M;;My; My ; = My, ;My;M;; = (R.H.S.)

and
RR" = I,



where R* is the adjoint matrix of R, and hence R is a unitary solution of

Yang-Baxter Equation [3, 4].

In this part we shall define knot Reidemeister moves, linking number, writhe,
and state summation.

Reidemeister discovered a simple set of moves on link diagrams that cap-
tures the concept of ambient isotopy of knots in three dimensional space. There
are three basic Reidemeister moves. Reidemeister’s theorem states that two
diagrams represent ambient isotopic knots (or links) if and only if there is a
sequence of Reidemeister moves taking one diagram to the other. The Reide-

meister moves are illustrated as below.

NERN |

N 0, Qs
— — —
ot 0! > ‘ 05! ‘
— — —

, S/ |

We want to be able to calculate numbers(or bits of algebra such as poly-
nomials) from given link diagrams in such a way that these numbers do not
change when the diagrams are changed by Reidemeister moves. Numbers or
polynomials of this kind are called invariants of the knot or link represented
by the diagram. If we produce such invariants, then we find topological infor-
mation about the knot or link.

If we can change a regular diagram, D, to another D’ by performing, a finite
number of times, the operations 1, Q2,3 and/or their inverses, then D and

D’ are said to be equivalent. We shall denote this equivalence by D ~ D’.

Theorem 4.1. Suppose that D and D' are reqular diagrams of two knots(or
links) K and K', respectively. Then

K~K <D=~D.

We may conclude, from the above theorem, that the problem of equivalence

of knots, in essence, is just a problem of the equivalence of regular diagrams.



Therefore, a knot (or link) invariant may be thought of as a quantity that
remain unchanged when we apply any one of the above Reidemeister moves to
a regular diagram.

At a crossing point ¢ of an oriented regular diagram, as shown in Figure 1,
we have two possible configurations. In case (a) we assign sign(c) = +1 to the
crossing point, while in case (b) we assign sign(c) = —1. The crossing point

in (a) is said to be positive, while that in (b) is said to be negative.

KX

c
sign(c)=+1 sign(c)=-1
(a) Figure 1 (b)

Suppose that D is an oriented regular diagram of a 2-component link K =
{K1, K2}. Further, suppose that the crossing points D at which the projections
of K7 and K intersect are ¢y, co, ..., ¢n. (We ignore the crossing points of the
projections of K and Ko, which are self-intersections of the knot component.)

Then .
§{sign(cl) + sign(cz) + - - - + sign(cm) }

is called the linking number of K; and K5, which we will denote by lk(K1, K3).
Suppose that D is an oriented regular diagram of an oriented knot (or link).
Then, the sum w(D) of the signs of all the crossing points of D is said to be
the writhe of D.

Theorem 4.2. The writhe of an oriented regular diagram is invariant under

the Reidemeister moves o, 3, and their inverses.

Now we can associate a unitary operator to an elementary braid as fol-
lows [2, 3].

10
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AN

— R — R'=FR
/ /

- R®idy

d

N

AN

12

o d

- dy @ R

S
/

Then we can view the relation between first braid relation and the Yang-Baxter

equation as follows.

/ \ (R®idy)(idy @ R)(R ® idy)
- . u

(idy ® R)(R® idy)(idy ® R)

\ / The Yang-Baxter equation .

Suppose v is a n-braid and D is a regular diagram of 7. At each crossing point
of D, let us look at the four segments that make up a neighborhood of that

crossing point. We may assign the basis states in (C?)",

100---0),]00-+-1), -+, |d—1d—1---d— 1),
SNe—— N~

n n n

on the braid by placing a state on each of these four segments at each crossing
point. For this given state, we may assign a Boltzmann weight at each crossing
point of D, as described below. On the four segments close to a crossing point

suppose the state are assigned as shown in the Figure 2.

11



Figure 2

Then, if the crossing point is positive, Figure 2(a), then assign R?} (= M,026?)
to the crossing point; if the crossing point is negative, Figure 2(b), then assign
(R*)gg to the crossing point. We form a knot(or link) from a braid by adding

closure strings, Figure 3.

Figure 3

These closure strings will also have a contribution to a subsequent knot invari-
ant. Hence we need also assign state variables to these closure strings. But if,
for a given state, aj is assigned to the top half of the k' closure string, and
the state by to the bottom half of the k** closure string, then we shall assume

they are equal, see Figure 3.

Corresponding to an oriented link diagram K, we define the state summation
Sk by summing over all assignments of strings « to each component of the link
K, (colorings of the diagram K') and taking the product of the matrix entries

M, g associated via R to each crossing in the colored diagram [2, 3].

12



If we consider that if K is a link of two components K7 and K5, then

Z Mw(K1 w(KQ) 2lk (K1,K2) + ZMw (K1) Mw KQ)M2lk(K1,K2)
aff3
In order to separate out the topological dependence so that we can see how
this state summation can detect the linking number of the link, it is useful to
assume that M, , = A is a constant independent of the string a. We can then

write the formula for the state sum in the form

SK — Z )\w Kl )\w(Kg)MQIk(Kl,K2 4 Z Aw Kl +’LU(K2)+2”€(K1,K2)

aFB
_ Z)\w Olﬁ lel,Kz +Z)\w
-
M,
_ )\w(K)(Z( )\Z’ﬁ)lk(Kl’KQ)—i_dn)'

B
By our R matrix of the form (11), Sk should immediately bring to mind

the Reidemeister move €2y. Moreover, the Yang-Baxter equation is essentially

nothing but the Reidemeister move {23 as follows.

\ \ K \\
e AN \\ /\
a 0 « I6] vy a I6] y

However, Sk is not invariant under the first Reidemeister move 27 as follows.

dMa,a:)\ ]Wa,a:)\lb

13




Therefore, by Kauffman’s principle it should yield a knot invariant by a mul-
tiplication Sk by AW \~w(E) G ig invariant under Q1, Q9, Q3 and their
inverses by Theorem 4.2.

Thus we obtain the topological invariant Zx defined by the equation

2

M
Zre = N wE) g — Z(A_«zﬁ)lk(m,m) L.

We conclude that Zx can detect linking number so long as Mi 57 A2,

Now lets return the matrix R and see about its entanglement capabilities. We
are assuming that all the M, , are equal to A.
Then if the unentangled 2n-qudit state |®) = 2 > o, gl B8), then
1
RI®) = 3" Magla, §)
a,f

Using our theorem 3.1 and writing 0 for the zero string 00---0 , we conclude

n
that the state R|®) is unentangled exactly when the following equations are

satisfied for all o and 3.

o —1
AlelHBI=1 s o = H Mge;)e:0 H Mo, (5.¢;)e;-
iCa JjEB

In the case @ = [ this equation becomes

A‘O‘|+|O“_1Ma’a = H M(a~ei)ei,0 H Mov(a'ej)ej

1€Q JjEa
2la]
A ol = HM(oc-ei)ei,O HMO,(Orej)ej'
1€Q JjEa

Thus, letting
Moo = H M(a-ei)ei,[)

1=t

mo,a = H MO,(a-ej)ej

JjEa

and

14



we have

2|a
A ol = Ma,0M0,«

and

A\Oél-&-lﬂ\—lMa”@ = Ma0Mo.3-

From these formulas we find that
1M0,67M0,0M0,8M30N "M 5 = Ma,0Mo,aMMa,0mM0 5-

Hence

—2 2
mo,amg oA~ My 3 = mo gMa,o-

Therefore )
M5 mapmog

A2 mMo,a MB,0
The state R|®) is unentangled exactly when this last equation is satisfied. We
see from this that if the matrix M is symmetric, then the invariant Zx detects
linking exactly when R|®) is an entangled state. On the other hand, if M is
not symmetric, then the invariant can detect linking even when the state R|®)

is unentangled.

5 Conclusion

We see that for this specialization of the R matrix of the form (11), the operator
R entangles quantum states exactly when if can detect linking numbers in the

topological context.
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