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What is a finite type invariant?

JC = {knots}
JCt = {knots with 1 double point}

JC™ = {knots with m double point}

Given an abelian knot invariant
V: I — A for an abelian group A,
define V: K! — Aby

V(X)=V(X) = V(X).




This ‘double point resolving’ inductively defines

V: K" — A  foranym > 0.

Definition V is of type m if V'|cmu= 0.

V' is called of finite type (or Vassiliev) if it is of type m for some m.




Finite type invariants are like

generalized self-linking nhumbers.

Consider the n-strand pure braid group F,, and its lower central series
B =R, P =[BT, B].

Given a pure braid 3 € P, the value of /3 in PTS,O)/PTEU detects the
linking numbers between strands. Suppose all the linking numbers
are zero, then 3 € P\ and its image in PTE,”/P,,SQ) may detect

linkedness.




Theorem /fV is of typem and (3 € P(mJrl , then

V( @j ) for any knot .@

Theorem [T. B. Stanford (arXiv:math.GT/9805092) ] /f
V(K1) = V(Ky) forany V' of type at most m, then for some

Ge P and [ ,

Ki =k and I, = |K| If




Finite type invariants are like polynomials.

The equation

looks like

Af(z)= flz+1)— f(z)for f: Q — Q. f A™T f =0, then f

IS a polynomial of degree m.

Likewise V' |cm+1 = 0 implies V' is of type m.




Theorem [M. Eisermann (2003) Trans. Amer. Math. Soc.] Let
Vi K — Q be a rational knot invariant. If V (K,,) is a polynomial in
n for any sequence of knot I<,, and V' is globally bounded by a

polynomial of degree m in the crossing number,

JE
2
|

KlzJ Ky = [k

Then V' is of finite type.

The converse is also true.




Dominance over skein invariants

The set of finite type invariants is as strong as skein invariants

including Alexander polynomial, Jones polynomial, Kauffman

polynomial, homfly polynomial, and quantum invariants.
Thatis, if V (K4) = V(K;) for every finite type invariant V' then
P(K;) = P(K3) for any skein invariant P.




Theorem [J. S. Birman X.-S. Lin (1993) Invent. Math.] Let
J(K)(q) be the Jones polynomial of a knot K (it is a Laurent
polynomial in a variable q). Consider the power series expansion
J(K)(e®) =>"_, Vin(K)z™. Then each coefficient V,,(K) is a
finite type knot invariant. (And thus the Jones polynomial can be

reconstructed from finite type information).

Whether the signature of a knot can be expressed by the values of the

finite type invariants is not known yet.




Chord diagram

Let V' be of type m and K € K be a singular knot with m double
points. Since V‘)Cm—l—l = 0, V' does not detect a crossing change of
K, sothat V ( K') depends only on the chord diagram of K.
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Definition Let D,,, denote the space of all formal linear combinations
with rational coefficients of m-chord diagrams. Let A’ be the
quotient of D,,, by all 47" and ' relations as drawn below. Let

A= A .

o~ /f’"”; [,..__y
4T - —i) =i 3=
3 N ; TNl
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Theorem (The Fundamental Theorem) [M. Kontsevich (1993) ]

e (Easy part). If V' is a rational valued type m invariant then Vv (m)
defines a linear functional on A" . If in addition V" +1) = 0, then V

Is of type m.

e (Hard part). For any linear functional W on A’ there is a rational
valued type m invariant V so that V(™) = W,
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Theorem [D. Bar-Natan (1995) Topology] The algebra A is
isomorphic to the algebra At generated by “Jacobi diagrams in a
circle” (chord diagrams that are also allowed to have oriented internal
trivalent vertices) modulo the AS, ST'U and [ H X relations.
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AS: r + \‘:\:/ =)
STU: U 2R NN
______ [HX: R N

A Jacobi diagram in a circle

AS |z, yl + |y, z] =0
STU : |z,y| = xy — yx
THX : [mvy]vz} - [CC, [?J?ZH - [ya [3372“
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Theorem [D. Bar-Natan (1995) Topology] Given a finite
dimensional metrized Lie algebra g (e.g., any semi-simple Lie

algebra) and a finite dimensional representation R of g, there is a
linear functional Wy p: A — Q.

By the fundamental theorem, the above theorem implies that for each

such g, i and m > 0, there exists a knot invariant of type m.
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The Kontsevich integral

>
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Definition Z: I — A where A is the graded completion of A is

called a universal finite type invariant if for any K € ™,
Z(K) = Dk + (higher degree terms).

Theorem The Kontsevich integral Z1 is a universal finite type

invariant.

The fundamental theorem follows as a corollary.
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